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AngTRaor-—A general procedurve is de- H,, — H,
seribed for obtaining the complementary
function of a linear, second-order, in- Bt - F
homogeneous differential cquation., This 0 e o M . g
method is applicable 10 a majority cf T N !
the radial equations ol quantum theory. o o () .
=B

Three methods of finding the particular
integral are discussed. The techniques
are unified by the use of an example
from perturbation theory.

The purpose of this paper is 1o
present and comparce several meth-
ods of solving a differential equation
which oceurs in guanium meeliani-
cal problems. None of the technigues
are new n:t this paper presents them
in such a wannor that a begioner
can choose the best method for his
problem. Turther, no completely
worked out exaraple is available in
the literature so that the prosent
paper provides a guide post for tha
beginuing research worker. The ex-
ample which is nged occurred in a
perturbation treatment of the re-
fractive index of helimm (Musulin
and Hpstein, 1964,

PRELLIINARTES

Since the notation of that repor:
is unduly eumbersome for illustrat-
i1g the points in the solution of &
single differential equution, the fol-
lowing changes are made (the new
notation sppdaring on the right).

Uy 440 == P
G+ o=V

Throughout this report Hartree
atomic units are used (1 bohr =
052917 A and 1 ha-tree — 27.2097
av, (Manne, 196317,

Fhe Basic Equations- -The hasic equa-
tions resulting from a triple perturba-

lion in fime, /¢, ané & (the angular
frequency) are

(Hy, — To) ¥ = 0O (1)
(H, — B) ¢ — —Vy'
where H, — h, 4+ L,
= [ Y R e ]
[~ 1% 7.2 — /7]
B, - -
W A, ey
fq":‘l‘ - fn _
R I N --;'r_‘ - ]® -ilrz
Vo ANV
V =V:4+ V.

= [P (cos &)1 == [—r,P;{cos @g) ]

Tho electric field, £, which multiplies
V, and V, iz omitted sinee it may be
considered as a perturhation parameter,

Partial Legendyre Expansion—The so-
lation of Kquation (1) is now discussed
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in deiail. This problem iz reduced to a
problem of obtaining appropriate radial
funectionsg after §' is partially expanded
in Legendre Polynomials (Hirschfelder,
ef. al, 1963, pp. 30-31). In this case

47— [g(r)Pi(cos 6, Po(eos 6,}
+ g{r,)P,(cos &) Pylcod 0,
+ £(r ) Pylcos ;) P, (o8 8.)
+ £(r )P (cos 0,) Po(eog 0] 9" (2}

Substitntion of Hguation (2} into
Rguation {1) leads, affer the appropri-
ate integrations, to

1 1 2
g (ry) —— {(— —2p g (r) +
2

i

1
— g (r)—r, . i3)
2

1 1 2 -
—--P ) = (=2 M (r) =K
2 2 1y

(1)

where 1 fakeg the values 1 and 2. The
remainder of the report illustrates the
different approsches to golving Egua-
tion (3).

It should be pointed out that the same
technigques which solve IMguation (3)
prove that the only acceptable solution
for LKguation (1) is

firy) = 0

However, it should be emphasized
that in many instances it iz not neces-
gary to ohtain a formal solution for
every unkrnown radial function. A par-
ticular problem shonld be first analvzed
to see il each term of the partial Teg-
endre expanaion contributes to ihe ma-
trix elements 10 he evaluated.

CoxTrurNT H vy PERGEOMETRIC
Equarion

Recognizing the Fgualion—Eguatlion
{2} i3 characterized as u linear, second-
order differeniial equation. Ti is also
called an inhomogeneous differential
eyguation because the term appedaring on
the right hand side contains neither
the unknown function g ovr its deriva-
tives, It can also be remarked that
Iquation {3} ig not an cigenvalue equa-
tionm.

Transnctions Ilinois Acadeny of Selvnee

e solution of an  Inhomaogeneous
differential eguation relies heavily upon
the solution of the associated homogence-
oung equation; lhat iz, the equation
whose right hand side is zero. For the
sake of clarifying noiation, the un-
known funciion in the associated homo-
genanus equation iz designated by
G{r).

The homogensous equation assoviated
with BEquation (3), after multiplication
by —2, is (dropping the wvariable sub-
seripts for convenience)

i
G A + (— =25 G (1) —
T

2
—Gay=0 (8
e

The general second-order linear dif-
ferontial equation can he written
¥y 4Py 4Qx)y = X{(x} (6)

The substitution (Burington and Tor-
rance, 1939,

¥ — o HiPixy (T}

changes Rguation (6) inte a second
order linear differential equafion which
does not contain terms in the first de-
rivative. Although the general solution
nf Hyuation {3} is not readily recog-
nized, often, the equation, which results
from a transformation of the type given
in Hguation ¢7), for radial problems i=
a standard diffcrential equation. In par-
tienlar, it is the differential eguation
whose solution is the confluent hyper-
geametrie function (4).

For equation {2) the substitution

1
G o= — ef*w (R}
r

carries eguation (5} into

2r 2
w4 — - —— w0 th}
it 1-1:

which fs a hyhrid standard form. The
standard equation {3 usually written

i
w4 [— w4 (o — 2a) -

T

(2 — v}

eV

w =10 (10)
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Another transformation results from
the change of variable in Rquation (9)

% - . 2ir
which gives
1 1 2
w4+ . A — — — w20 (11]
1 4 z
The corresponding standard form,

Whitiaker's equation, (Jeffreys and Jetf.
freys, 1958) is

& +

Finally, a third transformation results
from substituting in Equation (11}

W= g T gy (13)

which yields
2T {4 2 =0 {14}

and this corresponds to the standard
form, Kummer's equation, {Jeffreys and
Jeffreys, 1950)

K"+ (v —xJU —qu-: 0 (153

Although it is often more convenient
te use the =olutions to Knmmer's equa-
Uon, it 18 usually mare direct to procend
1o Equation (10) which is a variant of
Whittaker’s equation, Consequently, the
solutions to both Rquations (12) and
{23} are now discuzred.

The Kummer Solutiony—Comparing
Equutions {14) and (15), one finds

a1

Four possible solutions to Equation (14)
are

v =4

w7 P {1,4z)

uy = ZHF (=2, _2,2)
U~ U(1,4,2)

u, =z*U{_2_2__z)

where K, (e,X) is the confluent hy-
pergeometric function and Ulay.X) s
itz asgociated fTunction. Any two of
these four solutions are linearly inde-
pendent bnt any three solutiong are
linearly dependent. By means of apecial
trapsformations.theve arc four alternate

ways of writing the sclutions u, u, u,,
and u, (Slater, 1950). These forms are
not of inferest in the present disenssion
butl they do bring one's supply of tune-
tions, from which to cheose the two
linear independent solutions, to eight.
Twa of the solutions, w. and u, can be
written in closed form. Since o = ~ in
w, (Erdelvi, ef. al, 1953)

(-2, -2x) = e

Then
1
Wy - — g2
zll
and
2
Gy - —- (16)
22

where the subseript i3 used to identify
a specific golufion of "he homogeneous
equation (&),

That u, is in closed form ean he seen
from the integral representation (Jef-
freys and Jeffreys, 1950).

1
Ulavpx) = -——— x by
{a—1)!
0 o B #o:"
—_— 4, R(a) >0
(X+#)a—“r+1
Ilence
1 2 2
U(142) = — A — e
-1 z¥  z°
and
2 i
Go=2g 14—+ —
z 2 {17)

It is well to note at this point that G.
18 well behaved at v =- s but not at r
= 0O while G, becomes infinite both ut
r=0andr-. = A solution which ig
well hehaved at r = O hot not at r = o
is baged upon u, i.c.

Gy o= 2p2,F, (1,4,2) {18)
Expangicn of the exponential in Equa-
tion (16) allows one to verity that

1 L

G = —~ [G; — - G.] (1,
6
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It iz always posgible to find a pair of
solutions such that one hchaves well at
zero and the other at ;. In problems
involving Kummer's equation this is
usually accomplizshed by selecting a so-
lution based apon Fila.y.x) (well he-
haved at x - O) and hy selecting one
baged upon U(aeyx) (well behaved at
x — ). For informational purposes
the limiting form of these solutinons in
the region of intercst follow (Jeffreys
and Jeffreya, 1950},

o
r oo O Tlampx) - 1+ —x 4+ Oz
.
t om0 Ulonpd) X
aly—a—T1) 1
s s .
X i

The Whittaker Solytions.- -A wsimilar
treatment to that just given ecan he
made for solutlons based upon Whit-
tulker’s standard form. The soluiions
are called Whitlaker functions, For ex-
ample, after comparing liguations (11)
and (12) to obtain the values of k and
m, ong can write

wy o My ase(%)
Wy = M, _ysu(3)
Wy 7 Wy g/a(%)
W, o= W aral-2)

The seclution for w,; is given by the
integral representation (Whittaker and
‘Watzon, 1%52).

) ebagk
“’Yk.nu (Z) _ -
1
T(——k+m
o
[t"“l““(l—l—t,"z)“'i"‘"e-tdt
0

The result, for the enrrent problem, is

. 2 2
wy,—=e*z[14 —+ —
4 z#

which leads directly to the G, given by
Fauation (17},

The solulion, for w, is found from the
asymptotie expansion (Whittaker and
Watson, 1952).

Lransactions Hlinoty Acodemy of Seience

“T—k.m(—Z) — (_g)-kn;z

m® — (k + 1)*°
1_ - +

11z

For the current problem this series
terminates, giving

1
W, — — — el
Z
which leads directly to &, given by
Eguation (18). The difference in sign

does not alter any of the properties dis-
cugged in succeeeding sections s0 long
a4 the sign uwsage I8 consistent.
Another set of four tunctions are ab-
tained by replacing k by —k and z by
_v, Some bhooks Whittaker and Wat-

gon, 1952, and Buchholz, 1933) base
their entire t(reatment on Whittaker
{functions, while others, eg. Slater

(1960), use both treatments. The latter
volume gives the pertinent interrcla-
tiong. 'With either treatment, one ar-
rives at the same solutions to the bomo-
geneous equation, (Slater, 1860).

The preceding majerial has been
given in detail, since differential
eguations whose solutions are con-
fluent bypergeometriv funetions oe-
eur frequently in radial guantum
mechanieal problems. The texts re-
forred to provide cxeellent starting
points for the rcader in obtaining
solutions to a particular problem.

Varariox  oF CoxsTaNts

One method for the solution of an in-
homogeneons differential cquation is the
variation of constants (Burington and
Torrance, 1928, p. 361 ct. seq.). Rasical-
1y, the idea for a gecond order linear
ditferential eguation ig to first write the
equation such thut the coefficient of the
gecond derivative is unity, e.g.

2
grir) + (——2) g" (1)
r

2
_ — g ir}y= —2&r
r'-!

{20}
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The goneral soluiion of the homogene-
ous equation (8later, 1960) assgociated
with Fquation (20} ig 2 linea. comhing-
tion of two llnearly indepcndent solv.
tions of Hguation 5). Such a solution is
called the cowmplententary function. To
obtain the general golution of Equation
(20), a particular dntegral must be add-
ed to the complementary funection.

The particular integral is assumed to
be a sum of two independent solutions
of the homogeneous eguation. However,
the combining coefficients are them-
selves functions of the dependent vavi-
able. The anulogy to the homogeneous
solntion asg a linear combination (but
with constant cocflicients) of soluntions
gives rise to the comtradiction in terms
which entitle thiz section.

Ta illustrate the method, the =oln-
tions given by Eguations (18) and {17}
are wsed. The particular intepral im

PG, G — C{z) G, 4 C.(z)G; (2L}
whera
Gl
Wiz = - f - dz
W
31
Col(z) = f —— =
“7

WG,G) =064 — G/ @,

aad I ig the inhomogeneity of Eguation

{20). (For other than second order
equations, Burington and Torrance
(1934) suggests @ general method).

For the sake of notational simplieity,
the use of the variable z is maintained.
For this problem, one finds

4
W(GG) = — ——
2,‘}

e=w | z° 5z¢ 3z 3
C,(z) — — g =

i 8 B 2 2

y".i
Cplz) ==
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Then

2p0m 2 2
g.=0 +toefyl 14— 4 —
z# z %t

1] = 4 k. 3 3
t— — e — g
8 2 b2 *

Since this is not a rurely mathemuati-
cal exorcigse, one must also usk about
the boundary conditions. In particular,
the solution for ' (K¢uation {23 must
be finite at both v = O and v - - 4, This
will not be true for r - . O unless, in the
radial funetion g, e, = O and c, =
— 3/4¢. The decreasing exponential in
7 I8 not suffivient to “kill” the e* term
at T - . oo, but having already chosen
¢; = 0, thizs problem is of no import.
Using (hese values for ¢, and G

1 z2 z
g :— _+_

¢l 8 e

It should also be poiated out that one
will obtaln the same salution, Bguation
(22} if one starts with anolher pair of
solutions of the homogzeneous aquation
(8). For example, i instead of HBqgua-
tion (21) one takes

P(G,G.) = Cu(2) Gy + Cin) G,

whare Gy ig given by Equation {19),
then it c¢an be shown by substitution
that

W (GG = G4 — Gy G,

1
— W{G,G)

6

Cu(z) — 8C,(2)

1
Ci(7) = Ci(z) 4 —2— ¢, iz}

P(G;,,G;»_) - P(GIJGE]

Thus, vite obtains the same partienlar
integral ag hefore. Alrkough the com-
plemeniary funelion is different, the
linear constants must zgain he chosen
80 ag to fit the boundary conditions.
Once this is done, one again obtains
Eguation (22),
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Oreex’s PuNeTioN

The Green's function method {Sagan,
1961) is similar to the method of vari-
ation of constants described in the pre-
ceding section. This method has par-
ticular appeal te phyeicists while the
variation of constants iz usually de-
scribed in hooks by mathematicians,
As will be geen, the principal difference
lieg in the point of ingertion of the
boundary eonditions. In the method
just déscribed, onc applied tho boundary
conditions to the general solution in
order to determine the two integration
constants. In using the Green's func-
tion, the Boundary conditions are taken
in au,ount during formulation nt the
probleti.

The first step in thiz method is to
write the ditferential equation in self-
adfoint form (Sagan, 1961). That is,
the equation musi be of the form

a
—[ <x>~-—] +qm y=—1(x)
x (23)

lquation (2) cannot be put into this

torm directly: but after making the
qubstitutions gziven in REquation (8)
and z = 2r, and rearranging, one ob-

taing { cnrrcspondmg to the homogene-
ous Equation {11))

1 1 2 z2
wtw| —— e — o s
4 4 z2 B¢t
or
d d
_ 1—
Z dz
1 1 2 f zig-lm
_— | W = — —
4z = |\ 8¢t
2
which is in the self-adjoint form with
Piz} =1
1 1 2
q(z) — — — 4+ - — —
4 Z 22
zéeiz
Iiz} =-

3¢

Transaetions Iinvis Academy of Scivnce

The Green’s function G(x, g for the
standard form, Eguation {23), is

Vi{xv.s)
—— X<
POWIF.F.]
G(xe) =
¥l E)¥a(x)
- - X

P (&]“" [¥4¥2]

where ¥, (X} and ¥; {x) are {wo linearly
independent solutions of the corresgpond-
ing homogeneous equation of Equation
(23) in the regions, x < £and § < X, re-
spectively; W [y,¥.] i the Wronskian,
FAEY(E) — Y {gd¥elg); and ¢ is a
dummy integration variable. Then the
wolution of the inhomogencous Mquatinn
(23} is given (Sagan, 1961) by

i

Gixg) I (£)dz
a

¥{x) - =

where a and b are the end points of the
region specified by the boundary cun-
ditions.

Sinee the lhomogeneous eguation as-
anciated with HRquation (24) is just
Equation (11), the solutions ¥, (z) and
¥, (z) are simply Whittaker functions.
Howcever, one must be careful to use
thoge tunctions which behave properly
i the appropriate ranges of integra-
tion.

As was shown in Section e, two Imme-
diate solutions of Eguation (11} are

W2} == “"1:5.{5(5) - et
2 2
14 - —
7 z=
ol
w,(z) = “’7..1,9.-’2(-—2) ST
Z

carresponding to the solutions obtained
in Equations (17} and (16}, respective-
ly. Ilowever, this pair of solutions is
not suitable ginee W_,, m«,g(_z) does not
hehave well at elther r - - 0 orr = oo
Therefore, it is neecssary to find the
proper linear combination which will
behave correctly at r = - O (since in
this cage, W, q/0(%z) hehaves well af
T = o). Ag is easily verified, by ex-
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panding the exponentials,
combination is

1
Wiz} = —W, y.(2) + W arel(—2) ==
2

the proper

1
— Wi+ w,
2

wyi(z) =W, ara(2)

Except for a numerteal factor, which
does not affect the problem, the solu-
tion W,{z) corresponds to the comhina-
tion in Rgunation (19).

For the present problem, the solution
of Equation (24) in these terms is

..E
wi (£ 1(g)
wiz) .- _Wn(z)/ ____'E_.._E_dg .
P{oYyWIwgw.]

W, (2) [_w“(s) @
. F ) Ww.,w.l
¢ (25)

Although this example leads to an
easily derived Wronskian, it should bhe
pointed out that Slater (1960) tabu-
lates Wronskiang for various pairs of

Kummer fuonctions and for various
pairs of Whittaker functions, For this
prohlem
Wiw,w,] = 1
7o
e
P — 1
The iweo integrale are
z
Pt 2 o i
— g2+ —) - —
i 2 £ £

: flerlt
Bg
1

[2* - en(%® + 5z° -+

164

122z + 12) — 12]
(26a)

o
2
el (t+ 24—
. £
KA
2o
e N P
Bed
1
= 8; en(g 4 5zf + 12z L 12)
(26h)
Substituting Kquations (26) into
Bauation (23) gives
elz| 2%
“T(Z) - = 2z
Byt 2

and applying the inverse of the trans-
formation of Mquation (8) [in terms of
the new variable z — 2¢r], once again
one obtains

1 z* Z

el s 2 (22)

MET110D 0F UTNDETER M INED
CORFFICTENTR

There exists atill another method of
finding a particular integral, the method
of assuming a series solution {Ince,
1844) and determining the unknown
coeflicients of the incividual terms in
the serios. Clearly, in a problem such
as Lhe one under discussion, the scries
will {erminate after a finite numher of
terms.

In order to solve Eguation (3). a
serieg solution in z in assumed {after
the appropriate transformation to the
new variable u - 2ir]. However, thia
corresponds to an expansion in a Taylor
series about zero which normally  im-
plies  that one has to worry about
whether the point of expansion (zero in
this example) is an ordinary poind or a
yingudor point (Ince, 1944), Sinece in
thiz problem the acries is finite, no
question of convergence grises and
there is no need {0 worry about the fact
that = - 0 is really a singular point of
Egquation (3).
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Transforming Eqguallon (3) to an
equation in the variable z gives

2 2
g (g} + (— — 1jg' (=) ——g(2) =
z x

Z
A
— ———— (27)
4
The assaumed golufion is
P=AF + Bzt +Ce 4+ D {28)

This assumption iy roasonable since it
contains the information that the pax-
ticular integral iy a finite polynomial
and further, after two differcntiations,
the highest power of z is the highest
power in the inhomogeneity.

Qubstituting liguation {28) into BEqua-
tion (27) and equating the coeffeients
of like powers of z leads to the following
aygtem of equations

_3A =0
1
i0A 2B — — ——
48
4B - C — 0
2D == 0
whose solution i3
A==
1
B = ——
8¢
1
¢ = —
2¢*
=10

Theretore, substituting these eoclficients
in Equation (28), yields

1 z® z]
P = — —_— -
i 8 2

Onee again it is necessary lo obtain
a eomplete solution by adding a com-
plementary function and evaluating the
comngtants of integration. Then, con-
structing the comnplementary function
from Itguations (17) and (12}, for ex-

ample, one obtains
) 1 72 3
g = ¢, e,G,y + ?’

B 2

Transactions Tnoys

Academy of Scrence

Since g must behave properly atr =0
and r = e, then ¢, — ¢, = 0. The solu-
tion for g is that previously found

1 72 4
goi—| — -
i 8 2
SUMMARY

Three methods of finding a par-
tienlar integral have been demon-
strated and some commeunts have
becn made coneerning their differ-
ences. Sinee the final answer is the
same, the cholee between methods
usnally lies in which method cntaits
ihe least effort.

(Tnlike the other methods, tle
mothod of undetermined coefficients
does not demand knowledge of soli-
tivns Lo the homogeneous equation.
If one is fortunate cnough to have
& problem whose solution is a finite
polynomial or an easily recognizable
geries, this method avoids the work
of obtaining complementary fune-
tions which are of no practical in-
{erest.

A comparison 1s made of the two
sots of solutions arising from the
different standard forms of differ-
ential equations whose solntions ave
confluent hypergeometric functions.
Tacility in the use of confluent hy-
pergeometric functions iy & great
aid in solving many of the radial
problems arising in quantum me-
ehanies. This is particularly true
in those cases where the method of
undetermined  coefficients provides
an inconsistent sct of algebraie cyua-
tions and it is neeessary to obtain
the complementary function. HWinal-
ly¥, it should be noted thal in many
cases the confluent hypergeometrie
golutions ave infinite series which
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will be theonvenient in determining
the particular integral, but the meth-
ods are still valid,
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