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ABSTRACT.—A new initialization pro-
cedure for iterative spectroscopic deter-
minations of association constants is
derived. It is proven that this initializa-
tion is valid when the concentration
ol dimer greatly exceeds the concentra-
tion of monomer. Numerical results are
presented to substantiate the derivation.
The effects of numerical manipulations
are discussed.

Keefer and Andrews (1952) have
derived a spectrophotometrie itera-
tion method for the determination
of concentration constants of charge
transfer complexes. Musulin, et al.,
(1962) have discussed the converg-
ence failure of the method after it
had been specialized (de Maine, et
al. (1957), (1960a)) to determine
coneentration constants of associa-
tion reactions. The purpose of this
paper is to consider what effect there
is upon the choice of the first iter-
ates if the system deviates but
slightly from Beer’s law (Prutton
and Maron (1951), pp. 756, 758).
Although convergence failure de-
stroys the ultimate utility of the
method, there are other methods,
e.g., Non-linear Least Square Meth-
od (Scarborough, (1950) pp. 463-
9), which demand a good initial
guess of the unknowns. The present
analysis leads, fortuitously, to an
initial iterate of the concentration
constant which may be useful under
the assumptions of this derivation.

Finally, numerical calculations are
presented in order to verify the
theory.

The system to be investigated is
the simple dimerization

2A = A, (1)

In order to specify the notation,
the equations of the iteration scheme,
as taken from Musulin, et al., (1962)
are given in Equations (2) to (5).
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where C, is the total solute con-
centration in monomeric units, 1%
C is the equilibrium dimer concen-
tration, K is the concentration con-
stant for Equation (1), (insuffi-
cient information is available con-
cerning aetivity coefficients to be
able to write a thermodynamic
equilibrium constant), D and D
are the absorbances (optical densi-
ties) of the solution and the dimer.
respectively, and e and e; are-
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the molar absorptivities (extinetion
cofficients) of the dimer and mono-
mer, respectively. In these equa-
tions as well as the succeeding ma-
terial, it is assumed that measure-
ments are made in ecells of unit
path length. Should this not be so,
the actual molar absorptivity would
have to be obtained from the calecu-
lated molar absorptivity thru divi-
sion by the path length.

BEER's LAW AND INITIALIZATION

In the derivation of Equations (2) to
(5), the assumption has been made that
the total absorbance is the sum of the
absorbances of the monomer and dimer
(Musulin, et al. (1962)). This assump-
tion is stated mathematically as

D = Dy + D¢ (6)

where D, is the monomeric absorbance
given by
Dy = (C, —C) en (7)

(C.‘—C) ﬂel']L‘ %ﬂ:c (8)

If no equilibrium existed, Equation
(8) would reduce to a simple statement
of Beer's law. Also, Foley, et al., (1964)
have shown that low members of the
homologous nitroparaffin series obey
Beer’s law even though they are thought
to undergo the reaction described in
Equation (1). In such a case, if two
species did occur, the fortuitous adher-
errce to Beer's law would be described
by

Then
D —

D = <C, (9)

where # is an average molar absorptiv-
ity. It is of particular interést to see
what effect the actual or accidental ad-
herence to Beer's law would have on
the initial values of the iterates.

Equation (9) may be obtained from
Equation (8) by assuming

C = 3C, (10)

where 8 is a temperature dependent pro-
portionality constant. Direct substitu-
tion of Equation (10) into Equation (8)
gives

D= [exm + 86 (Y2 ec —ex)] C,
which shows that

(11)

e=eu+ 98 (¥ ec — ex)

It may be pointed out that the con-
centration constant, which is

(12)

% C
K (C, — C)= (1%)
becomes
&
A S EIE (14)

under the assumption of Equation (10).
Further, the special cases of the system
containing all dimer or all monomer
follow immediately from Equation (10).

If the system contains no dimer, C —
0; and this is equivalent to assuming
& 0. Then

Lim D = ¢ C,
85— 0 (15)
Lim K =10
5—0
Equations (15) are precisely the de-

seription of a system containing all
monomer.

If
(16)

where % is a constant, then the system
containing all dimer is described by the

5—1—1g

assumption that y = 0. For then
Lim
7 — 0 D = % ¢ C,
Lim i
v — 0 K=o (17)

which is the description of a system con-
taining all dimer.

Returning to the general problem, it
is of interest to form the ratio, D/D.

D [lexnt+ 38 (% e—edlC

D¢ Y% e C, 8 (18)
or
D 2ey 1
— =1 + — =1 (19)
D¢ ec [

The starting point of the iteration
scheme (Musulin, et. al. (1962)) is usu-
ly made by assuming in Equation (2)
that

De = D (20a)
C =0 (20b)

However, from Equations (10) and (19),
it is possible to substitute directly for
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C and 1/D. in Equation (2). After re-

arranging terms, one obtains
cs, (2—-3)C,

= -
D (%) e + ex (——l)
8
1

(21)
1
K e + 2(.\[ — =1
8
Then, using Equation (12). Equation
(21) becomes
Cs, (2—-35)C, Jp
— = + (22)
1 2
D —7F —3K
8 5
or E
{67 (2—_8)s0C, 8
s (23)
D ¥ 3 2eK

Equation (23) represents a straight
line if one plots C2,/D vs. C,. The slope,
m, and the intercept, b, of the straight
line are given by

(2—8)s
m=———— (24)
&
3
b= (25)
2K

Equation (24) is a quadratic equation
in 8 with the solution

§=1*VvV 1— ms (26)
Only the negative sign has physical sig-
nificance since C cannot be greater than
C..
Therefore, it is possible, if the system
nearly obeys Beer's law, to obtain an
estimate, K", for K, This information
alone is insufficient to continue the
iteration procedure since to return to
Equation (2) one needs D.. Yet, Equa-
tions (5), (6), and (7) form a system
of three equations in four unknowns
giving a singly infinite set of values for
D¢. Clearly, some further information
would be necessary to select the proper
value of D..

LimiraTioNn orF THE Use or
BEER's Law

Equation (9) may be obtained from
Equation (8) in other ways than by
using Equation (10). The various means
are given by choosing (i) C = 0, (ii)
C, — C = 0, and (iii) e = 2ey. The
assumption of Equation (10) is equiv-
alent to being in the region of C, — C
= 0. This may be seen mathematically
by insertion of Equation (9) in Equa-

tion (23). After substitution,
C. (2—-8)3 5
—_———0C, + (27)
€ E 2¢K

Equation (27) is an identity which is
satisfied only by the conditions, § —
1 and K = <. Consequently, K™ found
from the use of Equation (23) is only
useful if K>>1. For the case under
discussion and for the starting point
given by Equation (20), K is found
from plots of C2,/D ws. C,. Without a
true convergence scheme, one cannot
be sure whether a K from Equation
(23) really describes the system or
whether K is determined simply by
Equation (27).

The same conclusions are obtained
without limiting the functional form as
in Equation (8). For example, if the
solution is nearly all dimer, one can let
the monomer concentration be

C,—C=n (28)
where 7 is a small quantity which van-
ishes in the limit. Now as before, the
quotient D/D.; is formed.

D 2y
e e (29)
D¢ ec (Co — 1)

Again, 1/D. from Equation (29) and
(2 C, — C) derived from Equation (28)
are substituted into Equation (2) yield-

ing
276y
o—
€ (C, —7)
2

=—(Ci+n) +

£ €

(30)
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If — 0 in Equation (30), one ob-
tains a straight line plot of C=,/D wvs.
C, with slope, m, and intercept, b, given
by

2
m=—
E
(31)
1
-
K:(:

It should be noted that the starting
assumptions, Equations (20), which had
been used, heretofore, are contradictory
in that Equation (20a) implies all dimer
and Equation (20b) implies all mono-
mer. By putting these conditions into
Equation (2), the first iterates can be
compared to those obtained by the con-
dition given in Equation (28). (The
subscript refers to the equation giving
rise to the iterate).

e(1) — 1& Etl)
E 20

a9
KW — K (0 )

eLi

Consequently, one would obtain the
same K but again, with either start-
ing assumption, reasoning similar to
that used to obtain Equation (27) shows
that K>>1.

NUMERICAL RESULTS

Several caleulations were per-
formed in order to asecertain if the
conclusions  reached analytieally
would be verified with typical data.
The majority of the data were those
from the nitroparaffin study of
Foley, et al. (1964). However, sev-
eral other experiments were used
in order to broaden the base upon
which the conclusions are based.
The details of the various experi-
mental procedures may be found
in the original papers. The caleula-
tions were performed upon an IBM
1620 computer. All programs were
written in FORTRAN II.

Equation (23) is derived under
the assumption that two solute spe-

cies coexisted in such a manner that
the absorbance of the solution
obeved Beer's Law. Consequently,
one would expeet that plots of
(*./D ws. C, become more linear as
plots of D ws. €, become more linear.
Sinee Foley, et al, (1964) have
shown that Pearson’s Correlation
Coefficient is a good means of de-
termining linearity from chemical
data, the same technigue was used
to test these plots. The correlation
coefficients, r, and v, were calcu-
lated at each wave length for plots
of D vs. O, and /4D vs. 2C,, re-
spectively. Although the latter in-
volves a change of sealing (thought
to be mnecessary in originating the
investigation), the scaling does not
alter the computation of r, and r..
These values were averaged over all
wave lengths involving the same
concentration values to give the
average correlation coefficients, T
and T.. The average correlation
values are tabulated in Table 1 along
with quantities defining the specific
experiments.

Table 1 clearly indicates that
Equation (23) is linear if the sys-
tem obeys Beer’s Law. As long as
the system nearly obeys Beer’s Law,
there is a direet proportionality
between the two correlation averages.
However, if the data deviates wide-
Iy from Beer’s Law (and this means
only a value of r < .995) (Foley,
et. al. (1964)), then Equation (23)
shows essentially no linearity, e.g.,
consider the first two entries of
C,H,NO,. Tt should be noted that
certain data which are known to be
experimentally poor have been in-
¢lnded in order to extend the range
of the caleulations. This has been
done using the hypothesis that a
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TapLe l.—Averaged Pearson Correlation Coefficients of Various Binary Solu-

tions for Different Concentration Ranges.

Concentration r,
Solute Solvent Range (10¢ M)
CH,NO, CcCl, 0.6 - 3.0 99471 99501
1.0 - 3.0 99836 99851
1.5 - 3.0 99982 99981
10. - 25, .99939 99946
1.0 - 5.0 99902 99896
6.58 - 1864 H78660 983774
H. 1.0 - 5.0 99538 99447
C.H,NO. CCl, 0.8 - 3.0 94468 60541
1.0 - 5.0 AT7460 76778
1.0 - 3.0 99948 99947
1.0 - 5.0 99673 J99481
H.O 1.0 - 5.0 99820 99714
1-C,H.NO, CCl, 1.25 - 3.0 96614 98626
12,5 - 30. 99761 L99666
2-C,H.NO.» CCl, 1.25 - 3.0 59755 99813
12.5 - 30. 09883 99919
2,5-dimethylpyrazine® 259% H.S0, 002 - .01 99998 .99998
2-methylpyrazine® H,0 002 - .01 .99613 99507
Pyrazine® 759% H.S0, 002 - 01 .99995 99995
Cyclohexanol® CcCl, 0.10 - 5.65 98854 .99338
CH,NO.* CCl, 38 - 1851 98952 97332
(3.29 u)
CH,NO.* CCl, 38 - 1851 99823 99734
(3.42 ,)

*Pestemer and Fruhwirth (1937).
“Masschelein (1962).

"From rounded
“de Maine (1960b).

“Chia (1960).

computer would not differentiate be-
tween deviations originating from
chemical interaction and those from
an inexperienced experimenter.

The foregoing supports previous
experimental work that plots of
C%/D wvs. 2 €, were linear in the
range where Beer’s Law was obeyed
to within two per cent (de Maine, et.
al. (1960a)).

Under the assumption that the
solution obeys Beer’s Law (or near-
ly so), it has been proposed (follow
Equation (27)) that K >> 1.
However, if this is so, serious com-
putational diffieulties must ocenr.
If K >> 1, then the intercept, b,
of Equation (27) must approach
zero. This in fact does oceur in this
investigation for b ~ 0(107%). Un-

fortunately, if b is this order of
magnitude, a slight experimental
error could cause a value of b < 0.
Again, it may also be stated that
as b — 0, one would expect random
fluctuations about the limiting value
which would also give rise to values
of b < 0.

A negative value of b results in
a physically unreal value of K®.
Nevertheless, in the present work
the average value of the first iterate,
K, including any negative values
which may occur, is caleulated. Now
two questions must be answered.
Firstly, is the value of K" reason-
able? Reasonability could be asecer-
tained by a possible correlation of

]’{“]
and/or the correlation of K values

values of different homologues
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in different solvents. Secondly, re-
gardless of the value of K™, is it
true that K is independent of
wave length? The answer to the
latter question is aided by the cal-
culation of the per cent deviation
(% Deviation (K™ K%/
K™) x 100). The pertinent quanti-
ties are given in Table 2.

It is clear from Table 2 that no
pattern emerges from the K" val-
ues except chaos. Some physically
unreal values occur; some large
values oceur; and some small val-
ues, resulting from the fortuitous
cancellation of positive and negative
values, occur.

In no case does K" show a func-
tional dependence upon wave length.
On the other hand, there is usually
great randomness, as indicated by
the large values of the average devia-
tions. A close comparison of the
values of per cent deviation and
the values of ¥; leads to the con-
clusion that as Beer’s Law becomes
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more completely satisfied by the
absorbances of the solution, the cal-
culated values of K become more
random. In faet, only the very poor
data of C.H;NO, (T4 .94468),
(later shown to be erroneous by re-
measurement), and the questionable
1-C4H;NO; data (T 96614)
showed any lack of randommess in
the K" values. It appears that once
Beer’s Law is obeyed, or nearly so
(F, = .995), the amount of devia-
tion is completely random.
The ecancellation of positive and
negative values of K" in obtaining
may be avoided by caleulating

I{t!)

the average, |[K™|, of the absolute
values of K. Then one would ex-
pect either that ﬂﬁ“‘[ >> 1 or that
K >> 1. The former resulted upon
division by a value of b < < 1. The
latter was proven, by analysis, to
result from Equation (27). This
becomes more true as the plot of
(2,/D ws. C, approaches linearity
(as measured by T2). The values of
K" are given in Table 3.

TapLe 2.—The Averaged First Iterate of each Concentration Constant for

Various Binary Solutions.

Solute

Km

Solvent Concentration Deviation r;
Range (10° M) 1/mole (%)

CH,NO, CC1, 0.6 - 3.0 781 58 99471
1.0 - 3.0 —254 48 99842
1.5 - 3.0 267 30 99982
10, - 25. —176 52 99939
1.0 - 5.0 764 61 99902
H.O 1.0 - 5.0 338 187 99538
C.H,NO, CC1, 0.8 - 3.0 11 2 94468
1.0 - 5.0 11 - A7460
1.0 - 3.0 2460 120 999548
1.0 - 5.0 149 97 99673
H.O 1.0 - 5.0 716 113 .99820
1-C,H.NO. cCl, 1.2 - 3.0 —93 15 96614
12. - 30. —42 46 99761
2-C,H.NO", CC1, 1.2 - 3.0 —377 54 99755
12, - 30. —38 34 .99883

sRounded data.
bSingle reading, thus no deviation.
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An inspection of the values in
Table 3 shows that, in general, K
>> 1 for values of t» > 0.995.
The decision as to largeness is based
upon the fact that values of K ~
100 correspond to approximately
90% dimer. Further, a ecomparison
of the values of !I_\'-"’| and T. leads
to the same conclusions that are
deduced from Table 2.

NUMERICAL EXPERIMENTATION

In any practical analysis where
numerical work enters the border
regions of limiting validity, it be-
hooves one to carry forth numeriecal
experimentation to eliminate any
possible numerical influences upon
the conclusions. Several such ex-
periments have been carried out in
connection with the present inves-
tigation.

For several of the solutions, er-
ror limits were assigned to the
measured coneentration values (Fo-
ley, et. al. (1964)). All quantities
were caleculated with concentrations
given to four significant figures,
concentrations with the assiened er-

ror added (to four significant fig-
ures), concentrations with the as-
signed error subtracted (to four
significant figures), and finally ihe
concentrations rounded to the val-
ues assigned in Tables 1 to 3 to the
column designated Concentration
Range. The median values (uncor-
rected four figure values) were used,
except as noted, to ecaleulate the
quantities in Tables 1 to 3.

Table 4 tabulates the effect of the
various numerical changes upon the
pertinent quantities for some sample
nitromethane and nitroethane solu-

tions.  These selections represent
the typical behavior which was
found.

The most startling fact shown in
Table 4 is that, if the solution obeys
Beer’s Law (or nearly so), the
calculation of K is extremely sensi-
tive to the error in the dependent
variable and even more so, if pos-
sible, to the number of significant
figures retained. Since the errors
involved are of the order of 1 to
2%, a twenty-five per cent change
in K" is unreasonable. Foley, et

TasLe 3.—The Averaged Absolute Value of the First Iterate of each Concen-
tration Constant for Various Binary Solutions.

Solute Solvent Concentration JK™| Ta
Range (10* M) I/mole
CH,NO? CC1, 0.6 - 3.0 945 99501
1.0 - 3.0 327 L99859
1.5 - 3.0 320 99981
10. - 25, 176 99946
1.0 - 5.0 S01 L99896
H.0 1.0 - 5.0 676 99447
C.H;NO, ccl, 0.8 - 3.0 11 60541
1.0 - 5.0 11 JT6778
1.0 - 3.0 2456 99947
1.0 - 5.0 181 L99481
H.0 1.0 - 5.0 986 99714
1-C;H,NO, CC1, 1.2 - 3.0 93 98626
12, - 30. 48 99666
2-C;H,NO* CC1, 1.2 - 3.0 397 99813
12. - 30. 38 99919

*Rounded data.
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TasLe 4.—The Effect of Experimental Error Upon Pertinent Calculated Quan-

tities for Selected Binary Solutions.

Solute Solvent Concentration |K"| K" Deviation 1, T
Manipulation 1/mole I/mole (%)
CH,NO. cC1, Rounded 1523 1399 63 .99388 99454
Error Added 773 586 63 .99472 199499
Median 945 782 58 99471 .99501
Error Subtracted 922 41 63 J99487 99517
CH;NO. CC1, Rounded 2180 1340 183 99990 .99990
Error Added 199 120 107 .99944 99941
Median 320 267 31 .99982 99981
Error Subtracted 419 384 506 L99987 J99987
C.H,NO. CCl1, Rounded 11 11 2 .94699 60437
Error Added 11 11 2 .94504 60502
Median 11 11 2 94468 605641
Error Subtracted 12 12 2 94357 .60131
al., (1964) point out that the same say that the degree of “‘fit’” to

sensitiveness does not occur in the
calculation of the molar absorptiv-
ities. The present numerical experi-
mentation has focused upon the K"
values since the analysis has proven
that they, not e would be the
most sensitive. On the other hand, if
deviations from Beer’s Law occur,
Table 4 clearly shows the insensi-
tiveness of K.

If K >> 1 (here the largeness
is a true numerical largeness, ~
0(10%), not a physically significant
largeness, ~ 0(10*)), the per cent
deviation remains essentially con-
stant even if the system obeys
Beer's Law. However, if K" > 1,
then the denominator in the caleula-
tion of per cent deviation does not
provide sufficient stability to keep
that quantity constant.

Finally the correlation coefficients
remain essentially constant under
all changes in the dependent vari-
able. This reflects the usefulness of
the correlation coefficient (if one
is careful in its use) in chemical
and physical problems (Gottschalk,
(1962)). Alternatively, one could

Beer’s Law is invariant within ex-
perimental error.

In the original investigation, sev-
eral chemical experiments were at-
tempted in order to fix variables.
In light of the preceding conelusions
these, too, must be reduced to nu-
merical experimentation. That is,
no chemical information was found
but more is learned concerning the
numerical framework.

IPor example, in one experiment
two different sets of solutions, the
members of which contained the
same concentrations to within ex-
perimental  reproducibility, were
made. In another experiment the
same solution was measured, speetro-
photometrically, three or four days
later. The pertinent quantities were
calenlated for each of these cases
and representative values given in
Table 5.

The pattern is the same as be-
fore. For example two solutions of
C,H.NO.,, having essentially the
same degree of ‘“fit’’ to Beer’s Law,
measured on the initial day of
preparation, gave widely divergent
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Quantities for Selected Binary

Solutions as a Function of Attempts at Chemical Reproducibility.
Solute Sol- Solu- Day of K| K@ Devia- T Ty
vent tion Meas- I/mole I/mole tion
No. urement (%)
CH,NO. H.O 1 1 676 338 187 99538 99447
3 2 1 861 —138 670 99678 99524
L0 1 4 3800 —430 856 99821 99816
C.H,NO. H.0 1 1 986 716 113 .99820 09714
H, 2 1 1410 80 1705 B9794 .99821
3 1 3 1490 —187 769 99248

98992

values of K" as shown by the av-
erage values. The correlation co-
efficients show some information of
the nature of the chemistry; but,
these, as usual, bear no relation to
K" values.

CoNcLUSION

The above results clearly show
that, with the first iterate K, ob-
tained from the iteration process
given by de Maine, et al., (1957,
1960a), one cannot obtain a valid
estimate of an association constant,
K, if the chemical system obeys
Beer’s Law, (or nearly so). That is,
if the deviations from Beer’s Law
are small, then there appears a com-
plete randommess in the values of
]{:I).

On the other hand, the mathemat-
ical proof given in this paper shows
that the starting point of the itera-
tive procedure given by de Maine,
et al., (1957, 1960a) is formally
equivalent to an equation derived
for a chemical system nearly obey-
ing Beer’s Law as a result of being
composed almost entirely of dimer,
Sinee a system which is nearly all
dimer has a very large association
constant (K >> 1), any value of
K™ which is small (K" < 1) or
large (K® > 1) is questionable.

Sinee the binary solutions of ni-
troparaffins obey Beer’s Law in the
concentration ranges studied (Foley,
et al., (1964)) the iteration process
given by de Maine, et al, (1957,
1960a) does not give an interpret-
able value of K because of ran-
domness. It is possible that some
chemical system exists which devi-
ates  significantly  enough  from
Beer’s Law to give a non-random
value of K. However, since one
could not iterate this value to a
constant value (Musulin, et al.,
(1962) ), and since the value is ob-
tained from an equation which has
no rigorous mathematical validity,
the non-random K could not be
aseribed any reliability. Henece,
one must conclude that the iterative
procedure given by de Maine, et al.,
(1957, 1960a) has no practical val-
nue.
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