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ABSTRAGT

The main purposce of this paper is to give new
metinods and ideas for the uumerical sclutkion of the
differential equation L{x) = {rx")' + px = 0 or

equivalently the quadratic form J(x)={ﬂh 2 pxz}dt.
a
Numarical algorithms are given which are accurate, fast,
and very easy Lo implement. Our methods allow both 1nil-
tial walue problems and houndary value problems., These
methods follow from a brosd mathematical theory, and
vield strong converpence properties and ideas which
generalized to more difficult problems. The problems
are ofren identificd by the terms Raleigh-Ritz and
finite element method,

frx

INTRODLCTION

In this paper we will present new numerical algorithms, methods
and ideas for second order symmetric differential equations, quadratie
extremal preoblems in the calcnlus of varlations, and banded symmetric
matrices., Test runs (including sone on nand calculators) indicate that
our methods are often faster, pore accurate, and requive less storage
than more usual methods even when these metheds are available.

These results will "immediately" general ize to new numerical methods
for higher order symmetric differential squations, partial differential
equations, and eigenvalue problews. Thus we will guantitatively solve
many problems of oscillation. The proofs ol Lthese results are wvery
technical. They depend upon an approximation theory of gquadratic forms
given by the first author 2] and will appear separately in another
journal. Thus the presentation in this paper will be solely ro focus
on numerical algorithms. The reader should consult [2] to consider the
mathematical problems and related ideas which can be solved but which
Wwe do not discuss here.

The basic problem is to find numerical solutions of L{x) = 0 or
equivalently numerical extremal solutions to the quadratic form problem
J(x} where
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(1} Lix) = {r{)=x" (e’ + p{eix(e) = 0, x{a} = 0 and
Iy
A\ 2 2
(2) J(x) = | [w(e)x""(e) - ployx"{£)1de,
a
The problems are equivalent in that L(x} = 0 is the Huler-Lagrange

equation for the quadratic form J(x}. We requirs rit) = 0 on [a, b]
and assume r(t) and p(t) arc contineous although weaker conditions on
the coefficients r{t) and p(t) will suflice.

In Section II we congtruct the numerical approximation J(x; g} eof
Ji{x). This is a finitc dimcnsional quadratie form

Jiw; a) = qu(o)d
where D{g) is a symmetric tridiagonal matrix and d = (dl. dz, ...)l is
the coefficient vector of che piccewise linear function x(t) which is
a llne segment beotween Pk and L whesre Pk = {a+ ka, dk) {(k=1,2,3,...).

In Section IT1 we give the algorithm which defines a vector ¢ = (CL‘CZ"")

[{E

and an extremal solution x,(t) which is both the "inler-Lagrange soiution’
te D{g) and the numerical solution of xo(t) where xﬂ(t) is a nontrivial

solution of L(x)} = §, x{a) = 0 in the scnse that under proper normali-
zation, i.e., xg'(a) = xo'(a) we hawve

T ;
Lim [P [xg' (8) - %" () 1% = 0,
o+l a ’

This last convergence vesult is very steong for this type of prohlem.
Furthermore, because integration is a smoothing process (the elements of
D{g) are constructed thls way) 7 may he chosen relatively large. Tn Sec-
tion IV we give two new numericai methods for pronlems of this twpe. The
first is a dynamic methed similar to conventional methods of solving ini-
tial value problems in differential equations. The second 1s a relaxa-
tion method [or finding solutions to boundary wvaluc problems. In Section
V¥, we give some numerical examples of cur algorichms. Finally in the
appendix we pive pregram listings and results of test rums.

THF, APPROXIMATING QUADRATIC FORM

In this section we construct the approximating gquadratic form J(x; o)
= % D(g)x and in particuelar, the eienonts I of {I).
Gy
Let 0 be small and positive and choose a parcition of the interwval

[a, b] namely wiT) = (ﬂo = a « N < 4y AR 4 Byil < b) where a) = a+ ka

(k=0,1,2,3,...,N). For convenience we assume ayy, = b. For each k let
zk(t) be the spiine hat functiova of degres 1, nawely

1 - !t - a |fg if r 1o

HEN- S
(3 2 (t) = k-1’ “ktl

o} otherwise

We note that {zl, NP ij is a basis for the vector space of plecewise
L
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linear functions x;(t} which vanish at t = a and £ = b; we denote this
space by O0%g) to conform te Refarence [2].

To define the approximating quadratic form J(x; g} we choose rg{t) =

r(ak*) and ps(£) = p(ak*) ifa <t=< 1+ where ak*.= a, + a/2. Then

ey
h 4 5
(4) TOg a) = [ Te (s - Dy (t)x” () 1de
a
defines a quadratic form on the space &(uy). Choosing x(t) = bazu(t)
{repeated dndices are summed) we have J(x; g} = Jbyzg, szB; gy =
b b, iz , H = .
«0n (?a 2g o) bJDBL 0
THEOREM 1.  J{x; o} defined by (4) on the space C'(c) is a quadratic form
whose associated matrix D(g) = (e B) is symmetric and trldlagoqgl Eyere

ey,p iz is defined below,

To construct e,s we note that if /g -~ ] > 2 we have e = 0 since
z (t) vanisihes off tPL incerval (ak—l‘ak+l)' Thus

2kl Sy t2 2 .
ek,k = i [rgtL)Zk (£) - po(t)zk(t)]dL
k-1
'?k to 2
= (ry(the, “(t) - p ()2 () ]de +
a, '
k-1 A
T [+ (L)z 2(1) - P, (t)zk(L)]dt
a
k
RS Pla-1) %% 2
ria, ;) i EEJ at - ‘__ZT_"] (t - o _)%de
! R S
K+Lp 132 plag) a g )
+ r(ai) \ [ - dt - 5 « (ak+1 - £)dt
" 8] ak
b
pla, ) a
* 2 _MUk-10 3| Pk
- Gr(ﬂk_l);d - tg}(t - aﬁ_l) X
g k-]
*
pla;’) a
w2 k l Ie+1
Ford/ot - ——— [y, -0 i
5 a
k
*
[r(ak_l) + r{a. )]0 - 3 [p(ak l) + pla™]
ind
Pz
k,ikt+l g [r (erzy(thzl () - p (£)z (t)z, () ]dr
k-1
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TWO THEST CASES
In this section we will describe the computer runs fov two equations.

The [irst equation is the differential equation x'" + x = 0, =x(0) = 0,
This was normalized so that the solution is sin . 1o the appendix we
will describe in detail compuror rups Tor Lhe sccond equation. Inoall
computer runs the Lest runs of Luis constant coefficient case ave slightiy
better than the equation desciibed in the next cquation.

Our second equation s the differontial equaticon

[(2 + cos e)x™{rd]" + (2 + 2 cos )x(L) = 0,
The reader can verify that sin U s "Lhe' solution which vanishes at
t = 0. This equalion provides coeilicients with reasonable change in
values for values of t.

Table 1 iz a listing of our dvnowic or initial value program, The
program can be easily medificd to pive che solution cos{o) to the dinirial
problem with ='{0) = 0 instead ol x(0) = 0. Table 2 is a listing of our

relaxation or houndary valuc prograom with x(b) = x{n} = (. We note that
this program is in single precision arvithmetic. Tahle 3 is our test case
with a run of our dynamic program with size 5 = 1/128. Table 4 is a

summaty of runs of our dynamic program witih different step sizes.

Tahle 5 is the test case ef our relaxation method with step size s =

hi) . R L
TR In this run we initfialized three values at 1, the remaining 98
values al 0 which is certainly ""far removed” frem the covrect vatue of
sin t. After 1000 steps we cormalized the solution so that =x(r/2)=1.
The differences of normalized values is given as (%, ) = sin xk—-ckfc,]

. . , i L3 3!
since cgy Is our largest wvaine,

Since most of our fest runs were perlormed on a terminal-cime
sharing arrangement exact Tun time is not possible. ATl the runs given
in Table 4 including wassive amounts of inpur and compiling time was 17
seconds.  Hence our time for the test case in Table 3 would be o maximum
of one second. Similarly the runs in Table % where we iterated 5000
times required 24 seconds.

For completencss we Include a sketch of the piceewise approximation
of our solution by our basis wveocters In Table & where a = 0, b = w. We
note also that double precision "Quavtic Runge-Kucta" mechods were applied
in order to compare results wiih those of Tahle 4. As might be expected
in this case {see Ralerence 3, p. 209) the methods were comparable in
that the greater time and "cost” of the latter method were ofiset hy
increased accuracy.

[1] George E. Forsythe and Wolfpang R. Wasow, 1960. Finlre-Difference

Methods for Partial differential #quations, John Wiley and Sons,

Inc., ¥New York.
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{2] John Gregory, Numerical algorithms for oscillation veclors of second
order differential equations including the Euler Lagrange equation
for symmetvic rridiagonal natrices, The Pacilic Journai of Mathe-
maties, Yolume 76, No, 2, June 1978, 397-406.

[3] Peter A, Srarks, 1972, Totroduction to Numerical Methods, The
Macmillan Company, Mew Yori.

The authors would 1ike to thank Joseph B. Bechenbach, Jr. for the
sketeh in Table 6 and Robert J. Meiling for his patience in programoing

suppore.
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Table 2. Listing of program for boundary value problem

(p(t)s'}' + qt)x = 0 with p(t) = 2 + cos t and q{t) =

2 + 2 cos t,

11

50

DIMENSTON EU¢101),ED(101),C(101),F(101)
P(X)=2.0+C0S{X)
R(X)=2.0+2.0%C0S (X)
N=101
NN N-1
NE=NUMBER OF DIVISTONS OF THE INTERVAL
\—3.141593054XNN
no 11 I=i,N
C(1}=0.0
C{20)=1.
C{45)=1.0
C({30)=1.0
DO 50 K=2,NN
AK=K*S$-S/2.0
AL=AK-5
ED{K)=P(AL}+P{AK)-S*5* (R{AL)+R({AK})/3.0
EU{K)=-P(AK)-S5*5*R{AK)} /6.0
CONTINUE
DO 100 ITER=1,5000
DO 99 K=2,NN
CAUSS-5EIDEL ITERATION STEP
C(K)=- (EU(K-1)*C(K-1)+E0(K) % {K+1) }/ED(K)
M=MON(LTER,1000)
IF(M.NL.0) GO TO 140
NRITE (6,75) ITER
FORMAT (T2, "NUMBER OF ITERATIONS=',5)
WRITE {6,763
FORMAT{TZ,'X—VALUE',TEO,'ACTUAL-VALUE},T45;ALGORITHM-

*VALUE' 170, " DIFFERENCE' ,T90, ' NORMALTZER")

Do 98 J=1,N
F(I)=C(J}/C(51;
DO 70 J=1,N,5

X=(J-1)%8

Z=STN(X)

D=2-F({J]

WRITE(6,80) (X,Z,F{J),D,C(51))
FORMAT{T2,F8.5,T20,F16.8,745,F16.8,T70,E16.8,T90,116.8)

CONTTNUE

WRITE (6,110}

FORMAT("1")

IF {ITLR.NLE.1000) GO TO 100
RE-INITIALIZE SOLUTION TO SIN X
C{1Yy=F{L)

CONTINUE

STOP

END
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Table 4. Error range of solution values ol the initial

value problem (p{t)x')' + g{t)x = 0 where p(t} = 2 + cos t

and q{t) = 2 + 2 cos t with step size = s on the range 0

to 2w,

stcp size maximuwa error finimum error
1/32 .301D-03 0.661D-07
1/64 0.701D-04 0.207D-08
1/128 ¢.190D-04 0.543D-09
1/256 0.475D-05 0.165D-09
1/512 0.119D-05 0.451D-10
1/1024 0.295D-G6 0.118D-10
1/2000 0.798D-07 6.317p-11
1/4000 0.285D-07 0.823D-12

233



Tabje 5. Differences of normalizcd values of solution to the
boundary valuc problem (p(t)x'jx' + q(t}x = 0 where p(t) =
2+ cos t and q(t) = 2 + 2 cos t with step size = /100 on

the range 0 to .

1000 iterations ! 2000 iterations 3000 itcrations
X-VALUE normalized value ; nermalized value normalized valuc
Sl =.0.05640 Po= 1.00600 . = 1.00529
0.15708 -0.T10E-01 i -0L.477E-03 -0.289E-04
0.31410, -0L209R-01 -0.005E-03 =4, 556L-04
0.47124, -0.2865-01 ‘ -0L124E-02 -0.807C-04
0.62832 -0.336E-01 -1, 146E-02 -0.100E-03
0.78540 -0, 352E-01 -0.154E-02 -0.111E-03
0.94248 -0.335E-01 | -0 147E-02 -0.1G8E-03
1.00056 -0.285E-01 : -0.T25E-02 -0.92Z0E-04
1.25604 -0, 207E-01 : -0.914L-03 -0.658E-04
1.413572 -0.109L-01 i -N_482E-03 | -0.341E-04
1.57080 0.0 0.0 0.0
1.72788 0.110E-01 0.471L-03 0.252E-04
1.88496 (h.211E-01] 0.900E-03 0.455E-04
2.04204 0.2938-01 0.124E-02 0.6451-04
Z2.19911 0.347E-01 0.148E-02 0.825C-04
2.35619 0.367E-01 0.157k-02 0.889L-04
2.51327 D.351F-01 0.1508-02 0.854L-04
2.67035 0.299F-01 0.128E-02 0.702L-04
2.82743 0.217E-01 0.9295-03 0D.483E-04
2.,98451 0.114F-01 0.486E-03 i 0D.246L-04
3.14159 0.627E-06 : 0.627E-06 0.627E-06
4000 iterations 5000 iterations
normalized value normalized value
= 1.00423 = 1,00318 ;
~0.6070-05 -0.476F-05
-0.120E-04 i -0.965E-05
-0.211E-G4 ] -0.168E-04
; -0.3t26-04 | ~0.2555-04
-0.,3900-04 -0.329E-04
( -0.404%-04 -0, 3405-04
! -0.345E-04 -0.290E-04
-.252E-04 -0.2028-04
| -0.144H-04 -0.T025E-04 i
0.0 i !
0.542E-05 3.6530E-05
0.971E-05 N.822E-05
. 140i-04 0.125E-04
G.2115-04 0.191E-04
0.2378-04 0.2120-04
0.219E-04 . 0.10981-04
0.413E-04 : 0.136E-04
0,7806-05 0.762E-05
+,351E-05 i 0.351E-05
0.627L-006 0.627E-06 1
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