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A NEW LOOK AT THE ETGENVALUE PROBLEM FOR REAL SYMMETRIC MATRICES

by

John Gregory and Den Redmond

Section 1. Introduccion. In this paper, we will take a new look
at the eigenvalue problem [or real symmetrlc matrices. Although
the hasic results are well-known, we will present ideas and methods
that are not usually associated with this subject nor with each
ather. Our goal is to present these ideas using elementary tech-
niguees,

We begln with some preliminary notation and results. We
asaume that the reader is familiar with the definition of H = "
as a real vector space. We have the usual ioner product on H: if

x = (ay, ..., ay) and ¥ = (by, ..., By}, then
n
- % anb, =T .
{x,¥) P R B X,

where Yr is the traunspose of the vector y. This induces the norm
an

=l = vix,xi.
4 is a real symmetric matrix if agy = a;q- L0 this case the

associated quadratic form is Q(x) = (Ax%x) = xTax, for x € M.

The ssscciated bilinear form is Qix,¥) = {Ax,¥} = ylax. It is
immediate Q{z,v) = Q{y,x) for x,y in H and that there is a one ro
one, onte mapping {isomorphism) between the collection of symmetric
matrices and the collection of quadratic forms.

The principal result we will need in what follows in the so-
called principal axiom theorem. Recall that an orthogonal matrix
P is one satisfying P™* = pT, Theorem 1 may be found in [ 2, p.
266].

THECOKEM 1. IF A is a real svimetrle matrix, then therc exists an
orthogenal matrix P such that pTAP = D, where D is g real
diagoual matrix.

WMote chat 1f D = diag{kl, . An}, then kg, ..., Ay are
the elgenvalucs of A. In terms of the associated gquadratic form
this gives, 1f 4 = (aii)
o " TroE T u . oz
T oa..xeu. = Q(x) = (hx,x) = xlax = LTppplx = (0Ts) DR %) = yidy = & Ryvye
j= 1 11743 i=1 .
Thus, by a change of basis, which in this case amcunts to a
rotation of tha axes, we can obtain diagonal quadratic forms,
providing we knew the eigenvalues of the matrixz A.



Section 2., Rayleigh-Ritz Mechod. (ne of the standard techniques

for ebraining the eigenvalues of a real symmetric matriz A, or

the corresponding guadratic [orm Q¢x), Is the Rayieight-Riry

procedure,  The Ravledgh guotiont of A is defined to he
GESTINNNLE3] Tar x #F 0.

A = Ny T I2

The eigeovalues of 4 (or OOx)y,. chern furn ogl Lo be moaximoms
{or as we siwll oses wintmumy of Rix) taken over an apartopriale
subspace of TEY - {0, Indecd we have the [ollowling resuls.
(Sce [1, pe. 78]).

THEOREM 2. LE A Is & synmelric motrix, there exists av arLlhonormal
st of clgenvectors {xl, Hgg ey xn} of A such thart rhe corrcs-

poading eigenvalue {& hos satisfy b 7 ROxg) and Ay <

Te Ags oes =
12 Zoeee 2 A« The wector x) minimizes R{x) an IR - {0} and the
vector ®, maxleizes R{x) on IR0 - {0}, Tor cach k such tiat

1l < % < n, the vector A winimizes R(x) on the set

By = tx € IRT ¢ (x,xg) < 0, i 0% k-L) - {0;

= span ixy, ...,x50 - 10}
Similarly x,o maximizes R{x) oo the set
G = ix € IRD (x,xl) =0, kti < L < o} - {0

b= o

= span ix :
P IR }LL(_J_

Finullw, L[f 2% denotes a subspace of dimension x withour x = ()

and D7 drnotes the collection ol all such spaces, then 3 satisfies

the following (oin-wix or max-nin) principal

{1 Ay = may R{x)t =

- x=b D

r . iy ]
§+T Xiﬁﬂ—k&Ek)}'
T

This last eguallty, {1}, seems particularly formidable.  Since By
Ty e of the sets DU‘K+1, we have, by an earlier parc of the theorem

mink+R(x) < mln Ri{x) = Ek’
w1 R XEDk

but sinee &y 15 "obtained” we may maximize both sldes to chtain the
max-min equality ia (1). The Dirst equallly in (L) fallows sim-
ilariy or one may follow the sugpestion of Heslenes [ 1 ] and apply
tiis arpument to the cigenvalues of -A, which are -3, e i_ll-

We can give an easy heurestic proof ol Theoren # oas Tollows.
By Theorem 1 we may diagonalize A, that da, we may find an orthogonal
matrix P such that
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h

= pTap = 4 )
A= Prabk = []1{!3(.}-.1, Ceay _f‘_[l),

Ape  If Bly wn.y g are e stan—

wherpe we have assumed ll FE
dard unit vectora, then they are the eigenvectors of A and we hence

Qlegd) = 40 10 x = (e, vvvs £ I'ig sueh thar
it
) a2 =2 o - L

chen B(x) =_§ * mas the smallest value, when V=1 and = ]
for k = 2, Lj%, 0. To see this, nere that E(x) is a convex chmbina-
tion of the ril} and

_ ) n

S = {(».}-.-11, sy Agd}or o4 >0, 151 d; = 11

is the face or the inrersection of the n - | dimensicnal ayperplane
delermined by (.} and the positive "oclant" in n space. In bhe above
ey = dg. <4 5fn. Irn fact R(x) iz the sum of the coordinates on

the 5 above. In lincar programming terminulo%y we wish to minimize
ey = e + .00 + b where £ = {t;, ..., £} 45 in 8. Since S

is a convex set and f is linear, the mlnimum value of £ on § exists
and oveurs at Mcorner' peints of 5. An imewdiate caleulation glves
the desired result since Uhe extreme peints are on the cocrdimate
HHEHE.

Figure 1 illustrates these ideas with mo= 3 and hl = G, Alnce
the geomelric idess iwld under the translalion s, = |A + £.. Tn
this case, min{R(x} : % € 8} = &, a5 stated. S}milnrﬂy (inlthis
picture) Sy ir the set T{{jaq, uz)}. where {a;, ay} lle o the line
segment conneceing Ay 40d AL More generally the sat § above becomes

an - 2 dimensiona? "face"

5 = {x €814 = 0}
for Lhe “i,=problem." Once again RZ = wlnfR(x) : x €57 The
similur argument holds for A., 2 “k < n, by constructing a celleclion
5, 8.0 84 wa-a B where cach Si41 is the "posltive" edge af Si'

”. 7 e .. .
In Figure 1, 8 is the pasitive adge of the face S.

Note that if a i1s g rpoazero real number, then

ﬁ.i‘?ﬁ*’)_ = ax).
aclixl 2

Thus R Is howegeneous of degree 0. Pick DLINTAT
optimal values ¢f the compunenl, function on § {by the homogeneity of
R). The wvalue max Rix), x, 1in D%, is taken op at the intersection
point P ol an edge 5 and M since, as above, extremal valucs of a
Tinear function caancet occur in the iaterior of §,, Ky the abave
argument, 1f P is not a eorner or cxireme point, Tt is net optimal,

s . . : LT 1
The winimum of such values occurs when D¥ - space {el’ ceer BT

R{ax) = Q(ax)/“ax”z

gearch for

Finally, the problems of {inding optimal values ot A and A are
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are equivalent, since P Is one te one and preserves lengths. For

cxample, ¢y = [ ¥ T O) satisfies
hx T
hp = (lep, eq) = max Limyx) max LPTAx,Px) = pay {APx,Px)
(K:X) Freat] (}{,X} aal] (X )
= max _ AY,Y meax LAYLY)
wﬁl(pL},U v) TN
since (PTy,Ply) = (v, P PTy) = ({y,¥). Thus Theorem 2 is a "rotation",

or move correctly an isometry (distance preserviog mapping) aof an
apparent geomettical picture,

The remainder of this section is partly out of order developmentally
with Theorem 2. That is, we might have placed this material before
Theorem 2. We have Included this material to show Interesting calcu-
lations and concepts for quadratic forms. The following theorem is
stated in Hestenes {1, p. 73]. Of interest are both Lhe reasults and
itie romputaticns involved in obtainlug these results.

THEOREM 3. A wector x is an eigenvectar of & 1f and only if f¢ is a
critical point of R({x). The eigenvalues of A are the corres-—
ponding critical wvalues.

Let x, be a critical poiat of R{x} with & = R{xp) = Q(XD)/ng”2 =
(AXD,XO)/(XO,XO) the critical value. Then for any vector and £ > O and
staall wo have

Q(XU + £y} Q(XO)

lxg + evli® | [ﬂ

M=
1

| hxoﬂz[Q(xo) + 2eQ(xg, ¥} + Q(v)1-Q(xg) Mol + 25 Cxgo) + (N

g + evli Axgll?

I50120000,9) - Qxp) (ig) | gl - Qv ?
R . +
+ eyl Zie g2 g + vl Mxgl?

1%

2
Taking the limit as © > 0 and noting that Q(xy) = lEgl ™ we have
Y4

” XG” 2

hmz [R(xy + &v) - Rixg) ] [Qlxy, ¥) - Alxgy) 1.

ot}

This limit is zerc for all y 1f and oanly if Q(xJ v} — (xo,y) = {} ar
(AX - \XD vy =0 for all v, {.e., AXU = RXO Thus our result follows.
Sume ceomments are in order. We have Rfx + £v) = %X) + R'(x,2y) +
AR"(x,E¥) + ..., where R'(x,h) = YR(x)h and R"(x,h) = R 1is
Iincar in its second argument and equal to VR-(Ey} so thaL subtracting
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R{x} frow both sides, dividing by £ and letcting & + {} we have R’
(Xgavd = wggﬁﬁ [Q(XU:Y) _ A(Xg,y)] or the value of the gradient
is ?R(XO) =O 2

%2
R{x) is linear in ¥ if x4 Is not an cligenvector of A. I %p is
an clpenvector of A, then this expression 18 locally quadratic in
Y.

[}\XO - R(X(J)X\}T- Lecally at x = X R{x + F}’)

Tt 18 illustrative to use clementary caleulus to obtain the
{(firet and) second directlonal derivatives of the Raylelgh queotient
R{x} and the Taylor series expamsicn as in {3). This will enable
us tu independently derive a “stronger” result than in Theorems 2
and 3. The critical point xp is an (1,m) saddle point of Ri{x) if
there exists subspaces 5; and 5, o[ 1RI of dimension & and m respect -
ively such that v F 0 in 8 and yy ¥ 0 In &y Imply that there exists
& » (0 such that fr | < § implies R%xk + £v1) 2e Kixp} < R{x + £y2).
The: sbove means that locally we may decrease the critical wvalue
Ak = R{xy) by "moving" from x = x, in an £ dimensional direction and
increase R(x, ) by "moving" from x = ¥ In an m dimensional direction
In Theorem 4 we show that we may choose 5y = span{xl, . XE} and
S2 = span{xn_m+1, ey xn}.

THREOREM 4. Let A <Ay £ ... € X, be the eigenvalues of A with
correspending eigenvectars ¥p, X,, ..., x, respectively. Tf for
some k (1 < k < n) we have A, < Ap < Rn’ then the eritical point
x, ls a saddle point of the ﬁayleigh quotient (neither a local
maximum or minimum). Mere precisely, if Ap < A < 2, _p41 then

x; is an (&,m} saddle point. Finally *; and Ap are respectively
the absolute minimum aud mazimum of R{x)} on IRU - {al.

Let his) = Q(x + £v), gie) = Hx + Cy“z, and Ri{x + ey) = f{g) =
ey glcy. Now f(g) = £(0) + cf'{0) + 5 ECTM(0Y + ... where £'{g)
{g(o)h' (2) - a(2)g' () 1/g?(c) and

_gie) (e (IRt (e) + g(edh" (=) - W' (e)g"(8) - h()g"(=)] - { }

ne (e
o

We have not bothered te determine { F slnce It is zero when £ = 0 (a
cricical point). Thus f'gﬂ) = |g{®h"{M - hil)g' (U)]fg (G)y and F"(0) =
lg (MET(D) - b (0] g= (0}

The first and second derivatives are found by the Taylor serics
expansion. Thus b{e) = 0(x + gy} = Q) + 2e0{x,¥} + £20(v) = h(d) +
sh' (1) +JZ E2R(O) mo chat BT(O) = 2Q(x,v) and R(0Y = 2Q{y): similarly
{(ar veplacing A by 1) we have g'(0) = 2{x,¥) and g {0y = alxl2. Thus
the critical pointe of R{x) are when £7(0) = 0. Letting x = xg be a
critical point Wlth eritleal value AO = Rixg ) we obtaln 0 = g()h"(0) -
R(Me' (0) = 2l 200G y) — Qlxgd (gay)= 2Hx0H2 [Q{xp.¥) - Ag(xn,y)l.
Since ¥ is arbilravy we ohtain, as above, in Theorem 3, that £'(0} =
ar equivalently Axg = AUXU if and only If {(Ap,xg} is a cricieal solution
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of the Ravleigh queticent,

At a eritical solutlon we have £{g) = F{0Y + ;{ZE”(U) + ... B0
that {te second order) 2

R + 839 F R(es) + Lo? gl 2€2QCe)) = Qlag) 2yl )
Rexy + ev) % Resy) + 20| 10

I
U

.3 = o2 2 ; L
Thus R(Xo?+ o¥) = Rixgy + 52((3(5-) = gy gl T = Rk + &:2((;\ - kg
y,y)/”xoh'_ oL (“k, Kk) ig an etgpensoiution of A with R% < 1k < Kq then
(v} = Q{y) - A-K(_v,}'i satisfics @, (1) = Qx) - ,\kllxlllq ]{(xl)”X]”}l _

. . _ | . ¢ . . - . 3
'*‘k”“‘lilz = (=i )ilxgfle < 0 while Qy¢xq) = Qlx ) = allxgll® = Gy =a)

i .
HXHH‘ > 0. Hence for & small, (R{xgy + oxp) < R()(u) < Hixg + Exp) - The
next Lo lasl sentence ol Lhe theoren aboul {L.m) saddle poinls Follows
by direct compuiation and Lhe fact that Q(xp,xq) =0 if pFqg. Thus if

[S4=

¥ =X Apxp Clwen
w=L

0y (5 = Q(¥) - 2 (v,y) =
T

1l 4

1 [amzu(xm) - lkamzﬂxmﬂz]

-5 2oy Loa i 4
= Zoa, O SR E |

s

The last stalement of the Theorem 4 follows by advanced caleolus ideas.
The minimum value of R{x) con the unit disc € = {x | |l = 1} in IR 1is
vbtuined since C 18 compact and R({x) is contlnucus. the untt eigenvectors
are the enly eritlical paints on € so Lhat Al is the minimum value of Rix}
on C., Sipilarly An Is the mazimon value of R{x} on C. The last sentenco
af the theorem now follows as R{x}) is homegencous of degree zero.

As au example let A = diag{jl,_l, 2, 2} with clgenvalues A= -1,
hy =1, Ay =2 and b, =_2. lLet {a;} be the assoclated standard eigenveclors
where o) = (1, U, 4, OJI cere. Then eg Is a (1,2) saddle point since Xy <
Az CSAyand o -k + 1= 4§ - 24+ 1 =3, If §. = spau{vl} apd 82 = span{gB,ea},
70 in §y and Yo F 0 in 85 {mplics R}ez + efas)) = R(ep} + £2aR{eq) =
1 - £%a% and R(u2 + g(bcl + Cu:)) = Rfug) + e(b2 + 02)2 s0 that R(e2 + £fary);
< L= Riey)y < R{ey + £lbey + weyly.  As abowve, Lf the reader belicves aur

exanple with a diagonal matrix is too speclal, since P1AP = A oar A = PAPT,
the reader may make up his own matriz A with "diagonal [orn' A. That is, for
anv orthoganal matrix 0, form & = oAo! and x = fley, the kY catumn of 0.

Sectien 3. Sdipgnalure. The purposc of this section is to glve an alternate
definitllon of elgenvalues of a real svimelric matrix A or quadratic form

U{x) = {Ax,x). For many problems this delinition is more practical Lhan the
usual delinitton of Ax = Ax.  Thes, for example, It 1s oftfen more praciical

to think of a zero of a continuous real valued Manetion £0t) as a value such
that I{tg+) flty-) is negative. 1n this cxample this is oot an equivalent
definivien, but In our casc the definitions are equivalesl. Tt alsa contalns
the Rayleigh quaticnl ddeas but Is easier to apply. FInally this definition
lovelves the signature Idea contained abowve.
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Let & be a real symmetric mutrizx and Q(x) = (Ax,x)} be Lhe associated
quadratic form. let s(X) denote Lhe slegnature of the quadratiec form J{xii}
. m \ Hiahatule B :
= Qx) - Mlxll = Thaz is, s(X) ts the dimension of a moexioal subspace  af

IRD guch Lhat % 24 In O implies J(x;Ad) < 0. MNore Lhat Al € Ay implies that
T(R3hp) = T{xsh ) = @x) - 2all«l? - (Q(X)—llllxg‘z) = (A - 3wl < oo o1F

x F 0. Thus J{x3hg) £ T{x32q) and s0 x F 0, Jixydy) <0, tmplies J{x3a)

< 0. Thus s{3;)} E_S(ll), i.e., s{A) is @ nondecreaslng, nonnegatlve, Integer
valued function. Assume as above Lhate Al Sy € ... £ 2 and xo, HKyy -ee, X
are respectlvely the n elgenvaluecs and cigenvectors of A4 or Q(x} = {4x,x),

If A% < 11 = min R{x) for x % 1, rhan Oy Hlxll s = Al ar J(xi4%) = Qfx) -
a2 s (hp - AN T > 0. That is J(x1h®) is posltive Jeflnite and s{i3) =
i, SimiTarly iL g > AQ = max Ri{x) for x =10, then Qi)' x) ¢« i or J(X;Al
Q%) — Ai“xhi < (hp — A)”XHA < {1. Thuz J(x;ﬁ) is negative definite aad s(3) =
. The reader may vertfy as an exercise that the intcrmediale vlgeavalucs
between 2y and 3 behave as we expect.  Thus

THEOREM 5. s{%) is a nonnepative, nondecreasing, Integer value function af Al
[t Is continucus from Lhke left, 1.0, s{ip - 0y = fiip} and its jump at

A= Ay equal to the number of clgenvalues cgual oo e Beal, sk +0) = s{ig)

+ n(hpd where a(ig) is the number of eigenvalues eual to dp.  Finally s (%)

= Z nix).

In future wori we will refer Lo n(lo) as Lhe anllity of J(x3hg) . In thig
case 1r is the dimenslon of ihe null space N(L) = {x € IRD | Jex,vikg) = O
for all v in IR"}. Note that N(i) #+ {0} for exactly n ovalucs of A counting
rultlplicily, By Thesrem 2, this space is the span of the eigenvertors cor-
reapondIng to the clgenvalues equal to Ag since » In ML) dmplics 0 = (Ax,y)
- AO {x,v) = ({a-2)D)x,¥) for all v In IRE. For future werk we note that
miAy = afi) + n{l) is the dimension of 7 muximal subspace B oof [RT for which
J(x;A) < 0 on . TIhils nonincreasing Integer valued funclion Is conl inuouos
Irom the right with m{ip) - miky - 0) = n(ip).

We also have un Interesting comparison rosult. Note lor =x T, Jixh) =

aexy - A2 < 0 implics Q{x) < Alizxli<. Thus &(X) yives the dimension of the
subspace [or which 0(x} Is less than Al=ll<. This concept can be generalizad
if we repluce il =l £ by K{x) = (Ix,x) where B is syonetric.
SCAd
S5(x») vs. & g .
- 7
n{51=>5
5
2
4
[ Y
3
— L.
2
ni{-1y=2 { :
0 | [
4 : — )
-1 1.5 im
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As an example to illustrate signature, if A = PAP' where A = dlag{-l,
-1, 0, 1.5, &, ¥, m, T} then tha graph of s5(X) is given in Figure &4, If
A < =1 then J(x3A) iz positive definite.

Section 4. Jagrange Multiplicrs. We may also think of eigenvalues as
Lagrange multiplicrs. Tt is of interest to show that the eigenvalues can
be determined solely by a process that maximizes quadratic forms over the
unit spnere in IRM and not on proper subscts of IRD such as coastraints

L{x} = (x,2{)} = 0 as in the previous work. {ince again we assume that A =
Ay € L.. < hp Are the elgenvalues of A or Q{x} with corresponding avthonormal
vectors xl, x- ..., Xp: respectively., By translation we may assume that

T
A1 > 0, since & + ( [Ayl + 1)L has the same eigenvectors as A with elpgen—
values transltated by Fl | + 1. This assumption 1s not required In sur proof
by comstruction, but avoids seme technical difficulties.

We know that Ay = max Q{z} = Q(%,;) where the maximum ls taken over ¢ =
=l = :} the unit ball in IRM. Notice that K{x,y¥) = (x,xp)(y,x) is a
hilinear form in x and v and Kix} = K{x,»} = (x,xn) 15 quadratilc. We have
RGx +ey) = (x + ey,xn)? = [Goxg) + e@mn) ]2 = Gox)? + 250000 (v, yp) +
€2(y,xn)% = K{x) + CR(X,Y) + EJK(Y) Let Q1(x} = Q(x) - Aplx,xg)°. ‘ihe
elgenvalues of Qy(x) are AL =0 <3y < A3 % ... £ Ay with corresponding
clgenvectors xn, xJ, iy ra+, Hp-1. Oue way of seeing this is that Qy(xqi,.x
QGxg %) = AnGigsmn) Gepoxn) = Olpmgs %4) = hgyxg) (85,%0) = Aydindy;. il
expression is zero if 1 # j or if 1 = j =n. If i=3j #=n, ther this expres-
sion is Ay. If A were diagonal, i.e., A = diagldy, &y, ..., 3}, Then g
would correspond to the real symmetric matrix B = diag(hy, lz, Ap-1e 0).

Now A = max Qp(x) = max Q(x) - Ag x1)2 = Q) {®,_1} where the maximum
ig over € an not sume subset of (. ConLinulng In this way if Qp(x) = Q(x) -
‘n—l(X’Xn"l) ~ hp{x,2,}7, then 34 = max Qu(x) = Q2(%n_»} where the maximum

is over €, Flnally note that we may decompose Q{x) into its finite "Fourier
series"

11t
Qlx,y) = T A Hax)(y,x 0.
k=1
Clearly st each step we have invoked a Lagrange multiplier type rule. This
resuli ls stronger than the min-max theory in that we maximize over all of C
and do not restrict ourselves to certain subspaces.
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