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ABSTRACT: Applications in welding engineering require precise
analytiec models for temperature transmission through planar

work pieces inorder to treat weldments for exotic materials such

as titanium. The current state of the art wlews linear quasi-
stationary problems for plapnar heat flow in workpieces whose
physical parameters such as thermal conductivity are functions

of position only. This investigation is an analytic approach

to the solution of a non—-linear planar heat flow problem generated
from a distributional heat source moving along a smooth curve at
constant speed. The quasi-stationary condition Is not required and
the thermal properties of the workpiece are functiocns of position
and temperature. Thus, the problem is non—linear and time dependent.
The solution follows by applying D'Almbert's transformation to the
heat equation to generate a formally hyperbolic PDE in the
complex—plane that is solved in equivalent form as a non—linear
Yolterra's integral equation. This produces an analtyic solution

in the form of a rapildly converging series.

NTROBUCTION

Modern Techmology requires the fabrication of a large number of metals,
both familiar and exotic, under a variety of conditicns. Mathematical stu-—
dies of the heat flow process in a workpiece upon welding it are a valuable
complement to experimental investigations because they are a significant aid
in ascertaining the the more Important parameters in determining the final
quality of a weld., Such studies allow the construction of a framework
within which to place experimental results.

According to Rosenthal [12] and Myers [10)], interest in the study of
the heat flow in a material upon the application of a moving heat source was
originally motivated by electric are welding. Rosenthal himself was the
first investigator to apply the hear [low eguation with a moving heat source
to the study of welding and to obtaip analytical solutions for some specific
cases., All of the examples considered by Rosenthal involve constant linear
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moticn, The thermal properties, that is, the thermal conductiviky and
specitic heat of the material were assumed constant and independent of the
spatial coordinates, time and temperature. In order to simplify the heat
equation, he applied 4 quasi-stationary condition. This condition was
derived from experimental datum In which the temperature distribution arocund
the heat source rapidly becowes time—independent if the region Lthat is being
heated is small compared to the entite body.

More complex cases than those of Rosenthal have been investigated by
Des Rulsseaux and Zerkle [2], and by Kawashimo, Yamada, and Fujiwara [4].
They obtained analytical solutions for bodies with moving band sources that
have eylindrically symmetric thermal properties. The motivation for Chose
studies arese frow machining processes.

The increasing need for more realistic mathematical studies of the
welding process than Roseuthal's and the adveat of the electronic computer
have led to the utilization of numerical techniques for the solution of the
heat flow equation with a moving heat source. The two main routes taken
numerically have been tihe finite difference and the finite elcment methods.
The numerical techniques allow the utilization of variable thermal proper-
ties in the calculations and do not require the imposition of the quasi-
stationary conditien. Westby [14] was the [irst investigator to apply the
finite diffcrence approdach using a computer program. His work was refined
and extended by Paley and Hibbert [11]. The application of the finite ele-
ment approach was originated by Masubucki [9].

Inercasing utilization of the computer sugpests extension of the work
initiated by Rosenthal in obtaining analytical solutions to the moving heat
source problem in the more general non—linear cases., This investigation is
an analytical approach to the sclution of the non-linear two—dimensional
heat flow equation with the point heat source moving along an arbitrary
curve on the plane at a constant speed. The quasi-stationary condition is
not required and the thermal properties of the workpiece are nen—constant.
Furthermore, the specific heat is analytic function of the spatial coor—
dinates, the temperature, and the time. The thermal conductivity can be an
analytic function of the spatial coordipates although it iz constant with
tespect Lo both temperature and time, More precisely, the specific heat is
an implicit function of the time bocause the time depends explicitly on the
Lemperature and the speeific heat is temperature dependent. A4lsc, the two-
dimensional planar hleat [low medels a "very” thin plate or a thick plate
where the temperature flow in the z-direction is instantaneous.

A rationale of this ecxtension of rthe work is that amalytical solutions
to a particular physical problem often yield greater insight into the physi-
cal mechanisms involved than do numerical solutions,
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In the work described presently, the global solurion for the tem—
perature distribution follows by introducing a hyporcomplex coordisate
system (in analogy with the classical transformation of the wave eguation by
d'Alembert} that maps the non-ligear heat equation into an equivalent hyper—
bolic partial differential equation. This equation is Integrated to rroduce
a non—linear Volterra integral cguation that is solwed by successive
approximations. For other applications of these methods the rcader my con-
sult [1,3,6] and the references thereln,

DER.VATION OF THE HEAT FLOW ZQUATION

Consider the heat flow equation for a two-dimensional plane in its
most general form:

> >
(13 Cot/an)(Bn/ae) - 7 o [Rix,v,nlx,v,£))7u] = (30/3L)
The factor (JECx,v,ulx,v,t))inu) = pe = el y, u{x,y, ) )elx,y, ulx,y,t)) is

the heat capacity of the material where 5 is the mass dengity and ¢ is the
specific heat.

The specific heat of a material for a given temperature p(x,v,t) is
defined by 3E, the amount of heat required to ralse the temperature of a
unit mass of that material from p to p + Sy where i is negligihle compared
to p. The factor K = K(x,y,p(x,y,t)) is the thermal conductivity of the
material and the term (3)(x,v,t}/SL) represents heat penerated by sources
internal to the material. Im this investigation the internal heat source is
a function of positicm only requiring that {3Q/5t) = 0. We proceed by
expanding the second term of the left-hand side of equation (1),

+ .
(2) ;)(K,Y,]J(X,_\_",t))c(x,}’,U)(B;J/Ht) - W . lK(K,Y,ll(X,}',t))Vu]
In equation {2}
5 - n
(3a) VK= (K + Kpuy) 1+ (Ry + LN
and
. “ -
{3} Vi = ugh 4o d,
where
(3e) Ky = {3K/0x), Ky = COKS D), 0y = (3p/ax),

Ky = 3K/ ay), and uy = (3 27)

Utilizing equations {(3a-c¢) vields
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(3c) TpsTE = Kypy + Kuui + Kyuy + Kuu§

The equation (2) is now put into the form

(4 olg,y,welxyy,due = KOGy, W lugy + gyl — [Kgng + T KuluZ + 2] =0
x ¥

where i, = (32u/9x2), Byy = {321/ 3v2) so that utilizing equations (3a=-¢) in
equation (4} gives

>+ kS
(3) plx, v, e(x, v, u)(Au/dt) = K{x,y,10v2p + VK.7yu + Ky lvul2.

Let the heat source move at constant speed aleng a smooth curve in the plane
and let (r,n) be the coordinates of a point on the curve that locates the
heat source relative to the (stationary) origin. The coordinates (z,m) are
functions of the arec length parameters. The coordinates (o,T) are the coor-—
dinates for a point in the plane relative to the heat source. Let MC denote
a moving coordinate system which has its origin at the heat source with
coerdinates (z,n) and LC represents a laboratory coordinate system whose
origin is stationary. The coordinates (x,y) in the LC system denote the
same point {g,7) in the MG system. The LC and MC systems are related by

(6) g=x-z{s),T =y — nis).
The transformation of the temperature between these coordinate systems is
(3u/3tdye = (Bu/dtdye + (Bu/3s)(30/3c)(dr/ds) (ds/dL) +
(7a) (du/3t)(81/3n)(dn/ds)(ds/dt),
or since,
(da/ds) = (35/0z)(dg/ds),(dt/ds) = (31/3n){dn/ds),
(7b)  (Bu/3t)c = (Gu/dt)ye + (Su/de)(do/ds)(ds/dt) + (Bu/at){dt/ds){ds/dt).
Now, the inverses:
(do/ds) = (ds/de)7L, (dv/ds) = (ds/dr)~l
exi{st provided that the curve is smooth
(8a) ldo/ds| < M, [dr/ds| < M

for some positive constant M. From eq. (6), it is seen that the parameter s
itself is a function of the moving coordinates {g,t). Then,
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(8b) (dofds) = (1/8(o)), (dt/ds) = (1/8(1)),
where
E(o)=(ds(o)/do),5({1) = (ds(1)/dT).
Equation (7b) then becomes
(9) (aufatdigc = (3u/atdyug + [(ap/30)(1/8(a)) + (Bu/3t)(1/8(7))](ds/dL)

de require that the speed of the heat source |ds fdt| be a constant with a
value of v, so that equation (9} becomes

(10} (au/3dpe = (Bu/atdye + (wW/E(o))(au/3a)+{w/5(1)I(Bu/d1).
Substitution of equation (10} into equatlon (5) yields
ployrywelo, T, (u/at)ye + (w/3(o))(Ap/30) + (/1)) {(Bu/31)]

(11) = Ko, 1, ) [(32%/30%) + (34/3t2)] + Kgug + Koup + Kybu? + w21,
a T

Upon rearrangement equation (11} becomes

pla, Tyudela, 7,1 (ou/at) = Klo, T, [ugg + ure) = [Kg = (v/8(a3)clo, 1,1 gy
(12) + [ = /iy ela, t,ud ], + K[ui + ”3]’
where the subscript MC has been dropped. Now, assuming that &, = 0, sc that
the thermal conductivity is independent of temperature reduces equation (12)
to

pla,t,welo, t,u)3p/3t = K{o, D gy + beel
(13) + [Kg = (v/3(a))elo, W bug + [Ke = (w/s(telo, 7,100 Juge
Normalization of equation (13} gives
ala, T,u}{ap/dt) =

{14) (82u/362) + (320/372) + alo,1,W)(3u/30) + blo,T,u)(3u/d1)
where

(15a) dlo,t,u) = {pla, T, ndela, 1, u}/K{a, 1)),
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(15b) alo, 7, u) (UKo, ) Ky = (w/elo))plo, t,welo, 7, 1),

(15¢) bla, 7, u}={1/X{o, K, =(u/8(tNplo, 1, 0dela,1,u)].

SOLUTION OF THE HEAT FLOW FQUATTON

The real variables (o,T) are now continued as independeat complex—
variables from which the hyper—complex coordinates

(16) o= (z + zX}/2, v = (z — z%)/(21)
are defined. In the event that 7 and T are real, then z* is the complex

conjugate of z. In other words, z* = z if, and only if, (g,7) are real.

Kequiring the sgpecific heat and thermal conductivity to be analytic on
€3 = CxCxC (C being the complex—plane), equation (14) becomes Formally a
hyperbolic equation

(17a) Uzt = Alz,2%,U)Uz- B(z,2*,U)U,s = D(z,2%,0) Uy,
in the hyper-complex system with coefficients

{17b) 4 = -1/4(a+ib),8 = =1/4(a-ib},D = 1/4d.
After rearranging, equation (17a} becomes

(18) Uyz* = D(z,z%,U}0, + ACz,z*,0)U, + B(z,z%,U)Ll_x

Equation (18} is now integrated to produce the {non-linear) Volterra
integral equation

z zk

(1%a) U{z,z%,t} = ; f H{w,w*, U)dw*dw,
Q 9]

where

(19p) Hw,w*,U) = Dlw,w*, DU + Alw,wk,0)U, + B{w,w*,U)U,%.

Equatien (1%a) is to be solved by successive iterations. Thus for n > 1,
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aln-1) « A(n—l)(z,z*,u(n—l)) = Aln=1}(z %),

p(n-1) = pln-1)(z,z%, 001}y = B(n-1)(g,2*)

(20} pin-1) = D(ﬂ_l)(z,z*,ﬁ(n‘l)) = D(ﬂ_l)(z,z*)

In general, Aﬁg), E(D), cl®  are arbitrary constants. FRquation (18) is
then solved for ULO} by the methods of Bergman and Gilbert [9], [10].
However, a natural choice for our problem is U 0) = ul0) (z,z*,t), the
ambient temperature profile in the plate.

The iterated form of equation (19a) is, for n > 1,

*

(21la) U(“)(z,z*,t) = f f H(n'l)(w,w*,U(n'l))dw*dw,
4] 0
where
R(0=1) (y,u*, 0(n-1)y = p{a-1) (5, w*,y(o=1))pln-1)
{21b) + A(n_]')(wsw'*:u(n_l))U‘E,n-l) + B(n—l)(w’w*’u(ﬂ"l)jué&_l)

The validity of the iterative approach is dependent on the absolute and
uniform convergence of the telescoping series

(o0 - (1) + ; w(ktl) = (0 - p(L)y + (u(1) - ul2y4,, +(vin-1)—plnd)

k=1
(22a) =pl0) 4 ylot+l)
where
(22b) wlktl) = plk=-1) - plk), k¥ = 1,2,...,n

The demonstration of the convergence commences with the series

(23a)  wintl) = ¢ (ule-1) - uln)y
n=0 n=0
where
Al
(23b) wintl) = jz j7 (D) (g, o, €LYy — b0 (o, wx, 0(RD ) Jdwdw¥,

o 0
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and
z z*
i [EF1) (e, 00Ty —pn) (o v 00D ) Tdurdur
0
z z*
= [ [ (rlotDye(ntl) 4 (041} ) qudw,
0 ¢
Flo+l) = [D(ﬂ"'l)(w,w*,U(H"‘l))U(T"H‘l)"D(n)(WsW*sU(n))U(n)]
t t
clotl) = [alotD) gy, wx, v(nt1)yp{ntll-aln) (w,we ulndyulnd),
w w
L{ntl} = [B(“+l)(w,w*,U(“+l))U(n+1)~B(n)(w,w*,U(n))U(n+l}]
wk wx
Let

M = max [ {p{a*1) |, jplad |, [aGHL) | aled |, p(nt1) | [ iB(R) [}, n > 1

As we seek the analytic solution, the constant is finite for the arguments
of the functieons on compact simply connected sets in c3. From
equation (23b),

z ¥
ety | < f f [ty | 4 [glotl) | 4+ JL{otL) |] dudw*, n > O
00

Now consider the first term in the integrand of esquation (24}, (reducing
the index n by 1)

z z%
I |7 (n) | durdw, n > 0.

1F(n+l) | i
a 0
Ler
K] = max jUCL} - pf0) |
t t
z z* z z¥
|F{2)] < f | |FEL) | dwdw* £ MK) f o dwdw* = MK px%,

0 0 0 0

Similarly,

z Z% z z¥ 2 ®y2
(3) 1< F7OF(D) |dwdwr < MK (7 wkdwrdw = Ky Lo 2%
|F Y OJO ASRYS| 00 1

g0 that by induction
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|F(ﬁ)| < MK} £2£%£%2 » n 2 1,
- nin!
Likewise:
lln) | < MKy z0(z*%)1 , n > 1,

nlint

2Mz%) , o0 > 1,

(n)
IL | ASLLS nint

Where K2 and K3 are defined similarly to Ki.

Substituting thc results of cquations (25a-c) into equation (24)
yields
z z* wn+1) (e yn+l

(nt+l} M(Ky + Ky + ! *
|w | < M(Ky + K3 + K3) S fo ¥ Do & 1)1 avrw
N zH2( g #yn+2 , > -1,
MK K S T T
Thus, the series
« b S g |2 | g4 [nt2
IS IR LA IR ICSTE CIE S SV
n=0 n=0 n=0 (o + 2} (n + 2}

is absolutely and uniformly convergent for all compact subsets of c? X[0,tgl.

Consequently, the telescoping series equatien {22a) is absclutely
and uniformly convergent on simply connected compact sets of c? AO,tg].
This means that the function

(26) Wz, 2%, t) = ul@¥(z, 2%, £) — lim {ntl)(z, 2%, 1)

Il oo

Tepresents fthe analytic solution on compact sets of G2 X[0,eq9]. 1In
other words, a global sclution. The error in truncating the series
equation {22a) for an approximate solution of {n + 1) terms is less then
O(RA(R*IN/{(n + 1)!)2) for lz| < R, |z*| < R*. Moreover, the complex
valued solution in real coordinates (a,t) is recovered by inverting

the transformation equation (lb} as

=g+ i1, z* = g - it
The real solution is the real part of the complex-valued solution.
Let us now consider an elementary example of this technique.
The heat source is travelling at constant speed w along the
straight lime: f§ = as, n = I8 where « and 3 are constants. The density

v, specific heat ¢ and the thermal conductivity K are constants. In
real coordinates, the heat flow equation is

{27 pce = Klugs + uegl + ewlong + dpp).

The cocfficients A(n), B(“), 1) are constants for all values of n and
are glven the constant values 1, m , j, respectively, where
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(28} 2 = (L/4w){pe/K)(a + Bi), m = (~1/4v){pe/K){x = B1), § = {1/4)(e/K).

In equation (26}, the relationship between u{n) ang plntl} is given
by (neglecting the time dependence)

(29) UL (7, 2%) = (4Ly + mL)Und(z,z%),

where L and Ly are cperators such that

zk
LU (z,2%) = [ uln)(z,wr)dux,
0
Z
(30) LU (z,2%) = [ u(n)(w,z%)dw
0

Utilization of equation (29) gives
(31) U€etl) = gLy + mup)yntiyl0),
Take & = m, and v = &(L; + L2). Then

{32a) Ufz,z*) = U(O)(z,z*) -~ 1im r“+lU(0)(w,w*), or

o

(32b) U{z,z%) = U(O)(z,z*) ~lim (-1 + (1-r)(l+r+r2F «oo +r0)) 0C0) () L

o

Consider the case where the temperature distribution in the complex—plane
is the Gaussilian distribution

u(o)(u,T) = Toe‘(32+T2)f£ s
where = is a parameter that defines the “"diffuseness” of the heat source.
imation 1 -(a% + %)/ rew
The zero—order approximation i1s ulo,Tlgag = Tpe™'° t E = Tyt fEn
-l 2 el 2
[emT</e bploe/ = Y + em0%/e ot/ - 71

where ¢g{£) is the probability integral 1 | emt42 g,

A 2 0

Runs have been made for aluminum and titanium under various conditicons. The
"bow wave” phencmena, a heat flow analogy to the “"sonic boom™, which was
noted in previcus experiments and calculaticns [12] was observed.
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