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which is the standard form of an elliptic integral

¢

Flo.K) = do ) (7)
%
(1 - K°Sin7s)°

0

where K = sin = V2 or § = 45° For the first quarter cycle that is, 0 =<
Q) = 1 this can be evaluated eusily using the standard tables. Since undcrgraduates do
this rarcly, mecting eclliptic integrals ouly in the physical pendulum and the
potential of a disc, the practice on such a simple cxample is instructive. The results
are presented in the first three columns of Table L.

Finally, the basic equation Q" = -~ Q7 is equivalent to the two linear first
order equations

{8)
Q' =p

which are very amenable to solution by the Runge-Kutta method on a digital
computer, or by solution en a small analog computer such as the TR-20. These
techniques can be applied without much confusion by the student encountering
them for the first time. The Runge-Kutta method is so simple to apply that students
need not know numerical analysis in order to apply it or to program it. For
comparison an ordinary simple harmonic oscillator solution is included in the
program as indicated in the appendix. The results of the calculation are shown in
Table 1 while figures 2 and 3 display the analog program and graphical solution
respectively.

It is not always apparent to a student that an equation which appcears to be
simple can indeed be horrendous, or vice versa. The fact that s¢ many nice
techniques can be brought to bear with relative case en a simple equation is of
great value in the classroom.
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APPENDIX

Listing of the computer program used to salve equation (3). It is written in
BASIC for usc on the Apple II computer. The printout also tabulates a simple
harmonic oscillator {position and velocity} to allow a useful comparison.
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Tuble I. Column three shows the solution to equation (3) from elliptic integral
tables. Column four shows the computer values of QO for the corresponding times T.

of column three.

TABLE 1
Q = x/A deos {WA), (deg.) T (tables) () (computer)

1.0 0. 0. 1.

0.9 25.8 0.46 0.899
0.8 36.9 0.66 0.803
0.7 45.6 0.84 0.699
0.6 33.1 0.99 (.G0O3
0.5 60.0 1.14 (495
0.4 66.0 1.28 (.398
0.3 72.5 1.42 (.300
0.2 8.5 1.57 0.194
0.1 54.3 1.71 (.045
0.0 90. 1.85 0.004
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Figure 1. An intrinsically non-linear syslem: a} in the equilibriumn pesition and b) displaced a small

distance X from equilibrium.
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AN InsTRUCTIVE NoN-LINEAR SYSTEM

10

Xy

Figure 2. Analog computer program for the solution to equation (31,
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Figure 3, Solution to equation (3) recorded directly from an x-v plotter. Note how much more linear this
is near the zero’s than the corresponding cosine curve.



