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1. The Algorithm. A computer was used to discover relationships between the
inner automorphisms of Cayley's algebra C over the tield of real numbers.
Using the formulas discovered, the result that every automorphisms of ¢ is
an inner automorphism was proved. This paper explains the development of
computer sofiware used in finding a proof that every automorphism of € can
be computer oenerated using only the standard operations of C. A hierarchy
chart organizing the results used in the proaf is given in figure 1. The
crucial task performed by the computer was to find examples of explicit
formulas expressing the reflection in any cuaternion subalgebra H of C in

a natural,. computable form. A computer was used tc search for examples of
possible formulas. The farmulas discovered are given in Theorem 1.2 below.

Let C denote Cayley's algebra defined over the field R of real numbers.

In terms of a given basis 15 = 1, i, Tgs v.., 17, 2 gereral element
7
L= 0 g 15 of C has real components X - The norm of 7 s given by
5=0 7
N{(£) = & x3 and the real part by R{<) = x,. The element 7 - 2 Ko - 0

of € is called the conjugate of I. Any element 7, of C satisfies the rank

equation

25 - 2 R(EY £+ N(E) = 0. (1)
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Multiplication in C is given by the formula
T ":QT'EO 17 + {ri]'-’...o + F] 'TQ) -iﬁl. (2}

where £, ng (t = 0,1) are elements of the guaternion subalgebra H of C
generated by {is}g over R.  Programming multiplication of Cayley numbers is
similar in difficulty to proqramming multiplication for matrices with eight
rows and eight columns. A sample program is given below of programming

Caytey multiplication using matrix multiplication.

An element & of C has a unioue muttiplicative inverse € / N(%) if and only

if N(%) is nen-zero. The following theorem is proved in 3.

Theorem 1.1. A nan-real element o of C induces ar inner automorphism
22 IR A+ F
of C if and only if

4 R¥(w) = N(=) # 0.

An automorphism - is called a reflection if v% = 1 and @ # 1.
A reflection = is the identity mapping 1 on some quaternion subalgebra
of C and -1 on the orthogonal complement. Jacobson [2) has proved that
every eutomorphism of C is a product of reflections. The formulas for
the reflection in quaternion subalgebra H discovered using the computer are

given in the following theorem.
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_3-

mwm 1.2, Let o=b(1 + i] + 12 + 1'3} and ;';:T'3'C-'- Then
[(e0)7 70T and { (o7 [pfT)

both represent the reflection in H,

The theorem can be proved using the Dickson multiptication (7).

The procf of the following tneorem is given in 757,
Theorem 1.3, Every automorphism of C is a product of inner automorphisms.

2. Computer Implementation, Using the method of Cayley I17 to represent

products, the following BASIC-PLUS program performs Cayley multiplication.
The arrays A and B represent the coefficients of the Cayley numbers to be

multiplied and the array M gives the answer.

10 DIM A(8,1), B{1.,8), c(&,8)
20 DIM D(8.8), Z{8), M(1,8)
30 MAT READ A

40 MAT READ B

50 MAT C=A*B

€0 S=S+C{1,1)

7D FORI1 =2T08

80 §=5-C(1,1)

90 MNEXT I

100 FORI -2 T0 8

118 E(I} = c{i,I) + Cc{I,1}
120 FORJ =2 T0 &8

130 D{1.2) = C{L,d} - C(J,1)
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150 NEXT I
160 Z{1) = D{3,4) + D{5.6) + D{E,7) + E{2}
170 2(2) = D{4,2) + B(5,7) + B(€,B) + E{3)
180 Z(3} = B{2.3) + D(7.6} + B(&.B) + F{4)
190 Z(4) = D(6,2) + D(7,3) + 0(8,4) + E(5)
260 Z{%) = D(?2,5) + D{4,7) 4 D(&,3) + E(6)
216 Z(6) = D{3,5) + v{(6,4) + D{Z2,8) + E(7}

2200 Z{7) - Di3,0) + D(4,5) + p{7,2) + E(8)

260 M{1,K} = 7{K-1}) FORK -2T0 8

250 MAT PRINT M

260 DATA --- coefficients of first Cayley number
270 DATA --- coefficients of second Cayley number
280  END

By nesting the above program suitably, repeated applicatiors produce the
imzges of the basic units of C under automorphisms of the farm given in

3

Theorem .1, Tor example, o = %{1 + 15 + ig + 7]} gives the following automorphism.
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syitable choices of chains of autemorphism generaiing elements yielded
Theorem 1.2. Programs were written for a POP-11/40 using MICS/11

pperating system under the RSTS/E time sharing monitor in BASTC-PLUS.
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