A FIXED-POINT INDEX FOR SYMMETRIC

PRODUCT MAPS ON EUCLIDEAN SPACES

Charles N. Maxwell
Department of Mathecmatics
Southern Illincis University at Carkondale 62901

ABSTRACT. The author shows that Lhe classical
Heolpf-lLefschetz-Leray fixed-point index can be
extended to include a certain type of "multiple-
valued" function. Specifiecally, fer continuous
maps from an open subset V of a2 Euclidean space
E into the n-frold syvmmetric prcduct E(n) of E
{with compact fixed-point set) an integer-valued
index is defined. Properties analogous to the
elassical (n=0} case are established, including
the relationship to the Lefschetz number of a

(n}

map. The elements of E are unordered sub-sets

of E having n elements, with repetiticns allowed.
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INTRODUCTION

For a given positive integer n and topological space E, E(n)
will denote the n-fold symmetric product, which is the quotient
space of the Cartesian product E" obtained by identifying two ele-
ments if one is obtained from the other by permuting coordinates.

A map f: V » (W) s said to have multiplicity n. If x (V@;E(n),
(n)

then x is fixed under f: V +~ E if x is a coordinate of f(x),

and Kf will denote the set of fixed points of f.

(0.1) A continuous map f: V ~» E(n) is admissible if E is euclidean
q-space RY for some q > 0, V is open in E, and Ke is compact.

The purpose of this article is to define an integer-valued
fixed-point-index I(f) for admissible maps f whose non-vanishing
guarantees the existence of a fixed point. The development given
here follows rather closely that of A. Dold (see [1], VII, 5).

The roots of this theory lead back to the monumental work of
Leray [3] and Lefschetz (see [8] for historical details).

After the notation and homological machinery is set-up in
sections 1, 2, and 3, the index is defined and its homotopy in-
variance is proved in section 4. In section 5, two additivity
formulas are established. The multiplicative property is presented
in section 6. Under the assumption that the admissible map fac-
tors through a compact subset of E(n), the index can be expressed
as a Lefschetz number, as we will show in section 7. A commuta-

tivity property is presented in section 8.

(0.2) A source of examples of admissible maps arises from a group

G = {ql, ceey qn} of order n with a right operation on a topological
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space X. Let h: V » X\G and k: X » E be continuous, where V
is open in E = RY. For x «¢ V, select y ¢ X for which
hx = yG € X\G. Define £(x) = [k(ygy), k(yg;), .., k(yg,)] e 5™,

1f Kf is compact, the map f: V =+ E(n) is admissible.

(0.3) Another example is given by the inverse function of a poly-
nomial function P: C »~ C of degree n > 0, over an open set V of

€. For x € V, let f(x) = [zl, ey zn] be the element of C(n)
giving the solutions to the equation P(z) = x. Then Kf = KP nv

is finite and f is admissible. More generally, symmetric product

maps arise frequently in algebraic geometry.

§1. OSymmetric Products and Their Structure Maps. Given a

topological space X and n > 0, the element of X(n) represented by

(Xg5 «-+» X;) € X" will be denoted by [Xys «ovs x ). If A CX,
then A < x(M. Given a map £: (X, A) » (Y, B), then f induces

a map f(n): (X(n), A(n)) > (Y(n), B(n)) given by

(1.1) f(n)[xl, oy Xy = LR, e, £(x)]

for all [x;, ..., x ] € x(M g £, T: (X, A) » (Y, B) are homo-
topic, then f(n) and Y(n) are homotopic also. The correspondence

¢,

given by
(1.2) X, &) — x™ Ay e ()

is a functor on the category of pairs of topological spaces and

induces a functor on its homotopy category.
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n

{(1.3) The identification map P’ X+ X(n) is an open map for

any space X. Consequently, the product map P, X Ppt X ox XM s
X(n) x X(m} is also an identification map, since it is$ continu-
ocus, open, and surjective.

For a space pair (X, A) and positive integers n and m,

there is an adjeining map

1.4) o "X, A): x(md o xm) o am) )y | x(nem) o (nem)

given by "0, A)([x;, -..h xg], Dyg, vooy ypl) =

[xl, cees X Yia e ym]. The adjoining map gives a pairing
which is associative and natural. Its continuity may be proved
by employing (1.3). More generally, we may speak of a natural

adjoining map for positive integers Mgy +xey Np and a space pair

(X, A)
(1.5 (X[nl) . X(nm}, A(nl) . A(nm)) .
(X(n1+ R +nm], A(nl+ - +nm)}
defined by concatenation,
In particular, if n; = n for i = 1, ..., m, the adjoining

map
(X(n}m, A(n)m) a, (X(nm)’ A(nm))

is5 equivariant with respect to permutation of the m coordinates.

Hence there is induced z natural map

(1.6) 8 T (X, A): (X(n)(m} A(n)(m)) N (x(_nm) A(nm))
n ? * ’ »






182 Traxsactions or THE ILLNG!s STATE Acankmy oF SCIENCE

Given maps £: (X, A) » (™), ")y ang g0 (x, &) » (v, 5y
the adjunction fvg: (X, A) ~+ (Y(n+m], B(n+m}) is defined as the

composition

X, A) By (y() y(m  g(m) o plm)y

(1.9) anm(Y, B)
(Ytn+m], B(n+m)J

where o is defined in (1.4).
The adjunction of maps is commutative and associative. By

iteration, there is an adjunction fl Vo oie. W fm of maps

(n;) (0} _
fi: (X, A) - (X , A ) for any m > 0, which may be obtained
also by o;{f1 X .. X fm) with a as in (1.5}.

Given pairs (Z, C) and (Y, D) and positive integers n and m,

there is a product map

(1.10) (Z(nJ x Y{m), C(n) x Dfm)J + ((Z x Y)(nm)’ (C x D){nm))
given by

"'T([zls ey an: [yls ey Ym]) = {(Zir )’J]]lilin’ lijim'

In other words, n(z, y) is the unordered nm-tuple consisting of
pairs (zi, yj) € Z xYwithl<1i<n, 1< 3j<m The map '
defined on the cartesian product in a corresponding manner is
obviously continucus. Hence using (1.3) again in the commutative

diagram
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A S L (z x )™
pn x pm pnm
z(n)  y(m) w 5 (z x yy ()
one proves the continuity of 7.

(1.11) If £: (X, &) » 2™, ¢y and g: v, Dy » v (™) p{my

are maps, then the symmetric product of f and g is w(f x g),

where (£ x g)(x, w) = (f(x), g(w)), as indicated:
(X x W, A x D) L£285 (7} , y@ () , pGm)y 7w
(z x vy} o x py(mm,
where m is the product map of (1.10).

(1.12) It is not hard to show that if X is Hausdorff, V c X,
and f: V + X(n) continuous, n > 0, then the fixed point set Kf
15 a closed subset of V. Similarly, we establish the following

result about homotopies.

(1.13) LEMMA. Let X be Hausdorff Vv ¢ X, and F: Vv x I » x(n)

be continuous. Let M = Yeer X5 - If there is a compact set A
t

such that M ¢ A < V, then M is compact.

PROOF. Let W = {(x, [yl, cery yn]) € X x X(n) | x = y; for some
i=1, ..., n}. Using the Hausdorff separation of X, one shows
that W is closed in X x X(n]. Let h: V x I » X x X(n) be given

by h(x, t) = (x, F(x, t)). Then h is continuous; h_l(W) is closed
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in V x I, and is contained in the compact set A x I. Hence,
h'l(WJ is compact. Since M is the projection of h'l(W) in Vv, M

is compact.

ad

§2. Symmetric Products of Euclidean Spaces. Throughout

this section E will denote the euclidean space RY for some q>20
and n will denote a positive integer. The functions

s:Rx B o 50 given by

(2.1) s(t, [xl, iy xn]) = [txl s enny txn]

and D: E x E™ + 5™ given by

(2.2) DOx, [xy, «vos X1) = [x - %), oeuy X - ]

will be called scalar multiplication and difference, respectively.

They are obviously well-defined. We check continuity. The maps
Ip *x p: R x E" » R x g(R) and 1y x p: E x E" -~ E x (M) are iden-
tification maps since ln, 1, and p are open and surjective. If
we let s: R x E' » E" be given by s(t, (X9, «vvy X)) =

(txy, ..., tx_ ), then ps = s(lp ¥ p). Since s is continuous and
HR x p is an identification, s is continuous, Similarly, let

B: E" x E® + E™ be given by
B((xls ey xn}“ (Y1! sy )’n)J=(x1'Y1: vesy xn'yn}‘

In the commutative diagram
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Axln _
Exgl —E , g x gt D J gm
1Exp P
E x g®) D » (M)

where A is the diagonal, pD(a x 1 n) is continuous and lE x p
E

is an identification. Hence D is continuocus.
If VcE = R with inclusion map i: Vv - E, then for any
map f£: V » E(nj, the difference (i - £}: V =+ E(n) is defined

to be the composition

(2.3) v-A,yxy ixf g, g} D p(n)

where & is the diagonal map.

The addition a: E x E » E of euclidean space E = R? may
also be carried over to the symmetric product E(n), but at the
price of increasing multiplicity. However, the addition can be
useful in constructing homotopies as we shall see in section 8.
We define addition A: E(n) x E(n) + E(nz) as the composition
(2.4) ) 5 1y (g gy 0D 2O L)
where 7 is the product map of (1.10), a is vector addition in
E, and a(an is its symmetrization (see (1.1)}. That is
A([xl, ceey xn}, {yl, ceay yn]} - [xi * yj: 1<i<mn,1<j=<n].
It follows easily that

2 2
(2.5) A(0, y) = d) y and A(x, §) = d x
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2
for x, ¥ ¢ E(n) where dﬁ is the diagonal map of (1.7},

0= [0, ..., 0] ¢ E(?),

§3. The trace homology homomorphism. In this section, we

will define a natural homomorphism, of degree 0,
(3.1) wooax @, Ay Lok, Ay

where H( - )} denotes the singular homology functor with intege?
coefficients and (X, A) ranges over the category of CW pairs.
u™ will be called the trace homomorphism. We will show that p”
gives a homomorphism from the exact sequence of the pair

x| a0y 1o that of the pair (X, A). We will show that

the trace satisfies certain compatibility conditions with re-
spect to the maps a, 8, and d introcduced in (1.4), (1.6}, and
(1.7).

Let K be a simplicial set with face maps dj: K - Km-l and

m
degeneracy maps S, Km - Km+1’ for m > 0, 0 < i < m. For each
n > 0, the n-fold (Cartesian) product X" of K is the simplicial
set with (Kn)m = (Km)n for all m > 0, with faces and degeneracies
defined coordinate-wise., The symmetric group gives a simplicial

action on K" by permuting the coordinates, Identifying modulo

this group, we obtain K(n), the n-fold symmetric preduct of K.

For m > 0, [K(n)}m = (Kn)m. An m-simplex of KEn} is an unordered
n-tuple [Xl’ cees xn] of m-simplexes of K. The face and degeneracy

maps of g (@) are given by
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di[xl, cees xn} = [dixl, . dlxn]
(3.3)

s.[xg. e, xn] = Isixl, cet, sixn}
for [xl, . xn] 3 K(n) and 0 < 1 < m, and all n > 0,

If L is a subcomplex of the simplicial set K, then L(nJ

may be identified as a subcomplex of K(n).
The geometric realization |K| of a simplicial set K has as

elements equivalence classes |x, u| of elements (x, u) ¢ K, * 8ps

where &, is the standard m-simplex (see [3], p. 55). A simpli-
cial map f: K + L induces a continuous function |£]|: [K| -+ |L]|
by the rule |f]||x, u| = |fx, u].

For every positive integer n and simplicial set K, there

is a natural weak homotopy equivalence

(3.4 o |K(n)] - |K{(n)
given by D|[X1, ey xn]’ U.| = []xlx U[, ey Ixns lli] where
Xy, oor x .1 ¢ K L uea, (see [7], p. 162, 6.6).

For any space, the geometric realization |K(X)| of its singu-
lar complex K(X) is a CW complex which is weakly homotopy equiva-

lent to X via a natural map
(3.5) i IKOO| - X

given by the rule jlo, u| = olu) for o ¢ K (X}, ued  (see [51).
In case X itself is a CW complex, them j is a hemotopy equivalence
(see [6], VII 24, p. 405).

For any space X, there is a natural simplicial map

6: k)M 4 xx{ndy
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given by
(3.6) 6[51, ceny cn] = pcfol *...xg Job
where O s «any O € Km(X), A is the diagonal of the standard

m-simplex into its n-fold cartesian product, and p is the pro-

jection of X" onto X(nj.

(3.7) LEMMA. For a CW complex X and n > 0, |6 {X)]: ]K(X)(n)] +

|K(X(n)jf is a weak homotopy equivalence.

PROOF. The map j(X}: |[K{X)| + X of (3.5) is a homotopy equiva-
lence since X is a CW complex. Hence j(X)": [K(X)|n + X" and
j[X]Ln): ]K[X}ﬁn] + X(n) are homotopy equivalences,

Now consider the diagram of continuous maps

oy 200,y

1 |
(3.8) e (X) | !j(X)“”
IKEXJ (nJ | p(X] 5 IK(X] z {n}
where p is as in (3.4). One checks that j(X]{n}p(X)|[Ul, ce, cn], u|
loy(u}, <oy o (W] = peloy x ... x o Yea(u)
= 3™ [0 loy, +ony o1y ul, for [loy, «ony o], ul
]K[XJ(n)[. Hence ({3.8) commutes. Then |6(X}] must be a weak

homotopy equivalence since the remaining three maps of (3.8) are

weak homotopy equivalences. m

For any simplicial set K, C(K) will denote the chain com-

plex of K. That is, Cm(K) is the free abelian group on Km,
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and Jx = Zi(~1)idix for x € K . The homology of C(K) is, by
definition, the homology H(X) of K. For a space X, the singu-
lar homology H(X) is, by definition, H{K(X)) where K(X) is the
singular complex of X.

If A ¢ X, where X is any space, the chain map B{X}# induced

by 8(X) will induce a chain map
(3.9) 8(X, A),: C{K(X) (n))/C[K{A)(n)] - cxx A(n))_
We get a commutative diagram of chain maps where Tows are exact:

0 — ek ™y ey @y e My eea My g

|

(3.10) LS(A]# 8 (X), 6(X, A},

!

0 CK[A{HJ] —_ CK(X(D)] —— CK(X{H}, Afn)) ——y 0

(3.10) THEOREM. 1If A and X are (W complexex with A < X, then

6 (X, A)# of (3.9) induces a natural isomorphism

B M) ko) @y 5 @) Ay

and § induces a natural isomorphism of the exact homology sequence

of (K(X)(n), K(A){n)) with the exact homology sequence of

kx®y, ka(dy),

PROOF. Consider the commutative diagram
6 (X) 4
e My T k™
vixx) @y Jw(x(x(“))}

v Lo (X) |
akoo ™y 20 L wgrex ™)y,
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where y is the natural isomorphism of the homology of a simplicial

set with the homology of its geometric realization (see [4], p.

62, 63). By (3.7), |6(X)| is a weak homotopy equivalence. Hence

|6 (X) |« is an isomorphism (see [6], VII 25, p. 406). It follows

that 6(X)4 1is an isomorphism. Similarly, 6(A)4 is an isomorphism.

By applying the five lemma to the long exact sequences of

k) @, k) ™y ana kx™y, k™)) obtained from (3.10),

8 (X, A), is proven to be an isomorphism also, and 6, gives a natu-

ral isomorphism of these exact homology sequences. U
The foregoing theorem enables us to replace H(X(n), A(n))

by H(K(X)(n), K(A)(n)), whenever A ¢ X are CW complexes, in order

to define the trace. First we define the trace chain map

Vo e o0 My 4 ck(X) by the rule:

(3.11) v [01, ., 0] = Op * ...+ O,

for Ops «vey O € Km(X). Clearly vl is a well-defined chain map
and V" maps C(K(A)(n)) into CK{(A), and hence we have an induced

chain map
Voo ™y ckay ™y 5 ockx) /cka).

Passing to homology, v? induces a natural homomorphism from the

exact homology sequence of (K(X)(n), K(A)(n)) to that of (X, A).

(3.12) For CW complexes A and X with A ¢ X and for all n > 0,

we define a trace homology homomorphism

WPt A B Ay L opex, A
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- - n -
to bc the composition v *6*1

Hex (™)) 40, —Qiia Hekxy (M xa) (0 wﬁiis H(X, A).
From (3.10) and (3.11), it follows that un vields a natural
homomorphism from the exact homeology sequence of (X(n}, A(n])
to that of (X, A). In particular, for g: (X, A} -+ (Y, B) where
X, A, ¥, B are CW complexes, then un(Y, B}g,,lgnjl = g*un[X, Ad.

The behavior of the trace relative to the diagonal map

of {1.7) is given in the next lemma.

{3.13) LEMMA. For CW complexcs A < X and integers n, m and q

with nem = q, the following diagram is commutative

H(X(n}, A[n)) H—EL—B H(X(Q), A[q))

H(X, A) —mid o B, A)

where d = dnq{X, A} is the diagonal map defined in (1.7}.

PROOF: Define T: (K3 ™, xea) ™)y o+ xexy (9, x(ay(9)y by
dloy, «vvs o) = oy, ovvy 09, weey 04, ...,0 ], (that s, d
DT m

repeats each simplex m times). Then d is simplicial and the

following diagrams are easily seen to be commutative:
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koo™ k™ 3 ke (@), xay (@)
i

(3.14) Bl 8

k@™, x@a™y 4 w@, xaladyy,

coxxy ™azce ™y L oy @y/ckea) 9y

(3.15) v 14
v v
COK(X)/CK (A) m-id CK(X)/CK(A)
Hence in diagram {3.16)} below,
pld, = v, %82, by (3.12)
= v, 93,071 by (3.14)
= n,-1
= My, O by (3.15)
= mu by (3.12).
H) ™, ka) (00 ds neko (9, keay (9

| N y

(3.16) v, o™ Ay _ds | oyx{@) ) alady o4
n
A _ \N
H(X, A) m:id H(X, A)
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Note that, for any spaces f and F, K(E x F) is naturally
isomorphic to K(E) x K(F) by the correspondence ¢ —» (plo, pzo]
where o ¢ Km[E x F} and Py E xF ~ E, p,: Ex F + F are the
projections. Henceforth, these simplicial sets will be identi-
fied.

For any two simplicial sets X and L, there is a natural chain

homotopy equivalence
(3.17} EZ: C(K) & C(L) = C(K x L)

(see [4], 29.6, p. 132) called an Eilenberg-Zilber map. Thus for

CW complexes X, Y and positive integers n, m, naturality yields a

commutative diagram of chain maps

ck(xPy g cxoy M)y _BZ L ckx™) o y(md,y

o 1
(3.18) e"ap™ {gTx g™
cex ™y e coxeny ™y —EL, e ™ < oy @y
where & here denotes the chain map of the simplicial map 8 defined

in (3.9).

(3.19) LEMMA. Fer all CW complexes X, Y and positive integers

n, m,

(6™ x 6™, HEKE ™ x xery ™y 5 g™ o ymy

is an isomorphism,

PROOF. Let H(K}+ dencte the suspended homology of simplicial set

K, i.e., (H(x)*)p - Hy (K}, for all p. Let A«B denote the
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(6 x 6™y, k) ™ x k™ kay ()« x(my My

+ H[X{n] =% Y(m), A(n) » B(m))

is an isomorphism,

PROOF. Apply the five lemma to the long exact sequences which

arise from the commutative diagram of short exact sequences:

0
|
J

v

»

cerea) (P < gemy (my e ck(a(m) « pmly

x

|
i

‘L ¥

cex(x) M« keyy ™ BN cx(x(™) « y(my

| ,

ck0 @ k) My e xeay M ks ™y 8705 e ),y M)y /e p (1) g ()

0 0

Since the top two of the horizontal arrows induce homology isemor-

phisms (by 3.19) the bottom map dces also. U

The relationship of the trace p and adjoining map o of (1.4)

will now be established.

(3.21) PROPOSITION. Let A < X be CW complexes and n and m posi-

tive integers. Let Pyt (X(n) x X(m], A(n) x A(m)) i (X(n], A(nJ)
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and p,: (X[n) x X(mj, A[n) x A(m)) + (X(mj, A(mJ) be the coor-

dinate projections. Then

(3.22) T
in the diagram
g oxm) @) (), Pr T CO NN CON
o Py
(3.23) Dy pex (mrm) - (nem)y 0
n+m
M
m
nx (™, almy Z > H(X, A)

PRGOF. Clearly the following diagram commutes.

& M ka0 8 s @™y, ka™y)
A ™
(3.24) by ‘.
(K(X)(n)xx(x)(m),K(A)(n)XK(A)(m)) _6x6 (K(X(n))xk(x(m}),K(A("))xx(g(m)))
|
Lpz ' p2
@ ™ gy @y 8 > o™y g™y,

Also, there is a commutative diagram

& ko ™ gy Maay ™y B0 g x@ax @y g a My
n
(3.25) E J{a
b4
k0 ™ k(@) () : Rx ™) g2 7))

where o is the simplicial function given by
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E([ol, . cn], [tl, ceey tn]) = [01, ve., © Ty vy tm] for

n!
Uys «xvs Opy tl, eeey T € KP(X), P> 0.

Now consider the chain map diagram where v is the trace

chain map defined in (3.11):

p
cxex) Mo ™ k) Maxay ™y 21y o ™ xeay (0

N

(3.26) P c(xexy M xeay (7Hm), of
L+
v
(m) (m) v MEHT?\M*
cexeo ™, xeay My . CK(X), K(A))

One verifies easily that, in (3.26),
n 7 + M=
vipy ¢+ vﬂpz = VUG
Passing to homology and first applying the isomorphism (9 x s);l,
(see 3.20), we get
-1 -1
\’2 Plx(e x 8)i VTPZ*(B X 8)y =

VH+EE*(9 * 9);1-

Using (3.24) and (3.25), we get

+me;la*

-1 -1
Vb Pyix * Vel Pyx = v
which by definition of trace (3.10) yields

n m n+m
WPix ¥ W Pyx =¥ Cx

as mappings of H(X(M) x xU) A0 AWy 5ne0 Hex, A). This

establishes equation {3.22}. []
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Let ¥ denote the homology exterior praduct.

(3.27) THEOREM. For CW complexes, A c X and B c Y and positive

integers n and m, the following diapgram commutes

n m
gx M) aMygy ey (@) pmdy v 8 s H(X,A)BH(Y,B)
H((X(n),A(n)]X(Y(m),B(m)) X
. ;
b ¥
HE oY) M casyurogy Om)y > H((X,A}x(Y,B))

where 7 is the product map of (1.10) and u is the trace homomor-

Ehism.

PROCF. We use the Maclane-Map V (see [2], p. 119, 5.8) as a
specific choice for the Eilenberg-Zilber chain map and verify

that the following diagram commutes:

C(K(X](n),K(A)(n)]SC(K(Y)(mJ,K(B)(m)} 33@22% CK{X,A)8CK(Y,B)
v
v

(3.28) cx) ™ k) M yxxen ™ xea) ™) v
m
v v
{nm} (nm) y (om) ’
C(K(XXY) ,K(AXYUKXB) ] - CK((X,A)X(Y,B)).

v denotes the map of (3.11); 7 denotes the chain map given by
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n({cl, Ve ey cn], [tl’ vy tm]) ={(oi, tj]: 1 <i<mn, ]l <j<mn]
for [07, vy 0.1 € K, 00 ™) ana [t ] ek, )M 55 0,
1 ¥ . ¥ n J 1 ] L | m J L _ »
and ¥(x & y) = ¥ eld, p)(s ... 5 X, s -2
(61p) Py 1 % 8!

for dim x = p, dim vy = r, (¢, p) runs through all (p, r)-shuffles,

and
ele, pl = (-].}n with n = Z?=1 b5 - i+ 1.
Take [og, «vs 0] € K000y, Tep, oy 5] k(o0 ™y
verifying commutativity of (3.28) we abbreviate the neotation so
that ¢ = (¢, p), & = s oo 5, 5" = 3 ... 5 for any
P Py ¢p ®y
{p, r) shuffle (¢, p).) We have
nv[cl, c ey cn] & [tl, R tm] =
Vi ) € (sfog, ..., © 1, 5" [ty, -+, t_1)
(6,0) n 1 m
= yr ] € ([sog, «.., so 1, [s'ty, ..., s't ])
{(¢,p)
- . .
= vy . € [(so., s't.): 1 <i<n, 1<j<m]
{(¢,p) . J
S £ E?=1 Emzl (sg., s't.)
(o, p) T ' ]
= Zl;:] Z?:l E € (SUi: S'tj)

(¢,0)

= Iiay I§eg V(o5 8 1))
= V(5. o) @ (B o))

= ¥(v @ v) [01, faey cn] ] {tl, ey tm].
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Hence (3.28) commutes.
Note that (u @ L) (04 8 84) = v, ® v, by definition and since

64 is an isomorphisnm
. ~1
(b @ u) = (vy @ vy)(0, @ 640 .
It follows that

(3.29) (v 8 v),(8 8 8).% = 8(p @ )

where B denotes the canonical maps
B: H(X, A) @ H(Y, B) » H(CK(X, A) & CK(Y, B)) and
g: BxX™ Ay g uey ™ 30y L grokx @, a0y g cky ™, 3y

Consider the diagram:

H[X(n), A{n]] Py HCY(m), B(m)]

I

HEekx ™ aMhygex (v ™) 3y % peoeyy O™ casyyxxs) (7))

T(e 8 8}, TS*

reexo) ™k Mhscaony ™keey ™y "ale g xxy) Pk (anvyxxs) M)

L(v 8 vla lv*

H(CK(X, A) & CK(Y, B)) Ve H{(X, A) x (Y, B))

Is

HiX, A) & H(Y, B)
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The exterior product x is by definition V,R. By naturality
of 8, the top rectangle commutes. By (3.10) and (3,19} 8, and
(6 @ 8), are isomorphisms. By (3.28) the bottom rectangle com-
mutes.

Take x ¢ H (X(n), A(n)} and y ¢ H[Y(m), B(mJ)

-1
uTT*X(X @ Y) = \J*e* TT*V*B(X @ y}

1

Vo(v @ v)a(8 6 8)2 8(x 8 y)

= VeB(u ® w3 (x @ y) by (3.29)

“(p & p)(x @ y).

Hence umg(x % y) = (ux]) x (uy)}. This proves lemma [(3.27). 1

§4. The fixed-point index. Homotopy invariance.

(4.1} For each positive integer g, select a generator g for

Hq(Sq) where S9 is the q-sphere, Let us identify $9 with Ry {w)

and let O denote the origin of RY., The inclusion j: s » {Sq, g4 - 0)
induces an isomorphism on reduced homology since s9 - 0 is contracti-
ble, and the inclusion k: ®Y, R? - 0) » (589, 89 - 0) is an exci-
sion. Thus k}}jé Hq(Sq} - HqﬂRq, RY - 0) is an isomorphism. Let

o = oqﬂRq, 0) denote the image of ¥y under k;}jK The generator

q
oq of the infinite cyclic group HqﬁRq, R? - 0) is called the fun-

damental class associated with (RY, 0).

(4.3) Whenever K is a compact subset of an cpen subset V of Rq,

we have inclusions

s -1y (59, 89 - ) Ao (v, v -1
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where j 1s an excision. We let oq[V, K} denote the image nf o

under the homomorphism j;li*: Hq(Sq) - Hq(V, v o- KJ. g

is the fundamental class associated with (V, K).

{(4.4) TFor an admissible map, the difference map (i - {}, see
(2.3), maps (V, V - K.) into e g - 0™y Ghere & = RS, V
open in E, and Kf is the fixed point set of f. Consider the
composition

(i-£)4

n,e -
(v, V-Xg) ———s 1 (8, (z-0) (M) 25,2200

E,E-0),
Hq( ,E-0)

where 3 is the trace defined in (3.12). (Note that E - 0 and E
arc CW complexes.)] The image of the fundamental class oq(V,Kf)
under this homorphism is an integer multiple of oy &y aoq for

some a € Z. Define the fixed-point-index I{f} = a. The index

is independent of the cheice of crientation ah for 89, I(f) is
an intcger, and in case n = 1, I{f) agrees with the classical in-

dex for single-valued maps as given by Dold {see [1], VII, 5.2).

(4.5) LEMMA. Tf the admissible map £: V » E() with E = RY has

no fixed points, then I(f) = 0.

- q S K =
PROOF. If K = ¢, then H'(V, V - Kg) = 0. 0

(4.6) LEMMA. Let £: Vv = EU) be admissible with E = RY and fixed

peint set Kg.o If there are sets K and W with K compact, W open in

V, and Kp o K e WcV, then the composition

Hy (6, W-K) (-84, Hq(E(n), (E - 0)(M}y by Hy(E, E - 0)

W i § .
maps oq( , X) into I(f)ogL
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This lemma asscrts, in cssense, that in computing I1(f), Kf
may be replaced by a larger compict set and V replaced by a

smaller open set.

PROOF. Consider the commutative diagram where unmarked arrows are

induced by inclusions.

H(89,89-¥) e ——  H (W.W-
q( ) = hq( W - K}

S i | NGO

H (%) [ Hq(ﬁfnj,(E-OJ(”JJJb-Hq(E,E—OJ

) AN v -,

Ho (59,59-K5) < Hy (V,V-Ke)

]

By comnutativity, oq(W, Ky —> oq[V, K¢} and also w(i - f)*nq[w, K) =

p{i - f)*oq[V, Ke) = I(f]oq. []

(4.7} HOMOTOPY INVARIANCE THEOREM. Let f be a homotopy from f0

to fl: vV - E(n), where V is open in E = RY, such that K = UteIKf

is compact. Then I(fD) = I(flj.

PROOF. Define G: V x I - EU by G{x, t) = (i - £.)(x) for

{x, t} ¢ V x I, (see 2.3). G is the composition

voxr 2y oy AXE, g (@ D, g ()

where & is the diagonal, i: V < E, and D is defined in (2.2).
Then G is a homotopy from 1 - f0 to 1 - f1 as maps of (v, Vv - K)

into (Etn), (E - OJ(n)). From the commutativity of the diagram
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Hy(V, V - K) > H (Y, V- Kfl)

(i - fle = (i - £])4 (i - £

. N (n} ) (n)
Ho(Vs V- K ) T He (B, (8 - 03y,

I(fg}oq = pu{i - fo)*oq(v, Ky = u(i - fl)*oq[V, K} = I{fljoq. i

(4.8) DIAGONAL PROPERTY. If £: V » E™ is admissible, with

E=RY, and d: 5™ » 5™ 55 on nifoid diagonal, d = a™ as

in {1.7), then de = Kf, df is admissible, and I(df) = miI(f).

PROOF. It is immediate from the definition of diagonal map that

de = Kf. Since f is admissible, de is compact and df is

admissible.

One easily checks that
d(i - £) = (i - df): vV, v - k) » (™), (g . o) (mndy,
Uisng (3.13), we get a commutative diagram

H (V, v - Kf)

q
(1;flj,,/‘ \\Qi;éf)*
Hq(E(n),(E - 0) (nJ) cdy » Hq(E(mn),(E - 0) (mn))
unl lumn
H (E, E - 0) m-1 > Ho(E, E - 0)
q "’ "

where 1 denotes the identity isomorphism of Hq(E, E - 0). Hence
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I(df)o, - WP - df) w0, (V, K

. S
= mp (i f}*oq(V, Kf]

mI(f)oq. [

5. The Additivity Properties. The first additivity prop-

erty expresses the local nature of the fixed point index and is
a direct generalization of the additivity rule for single valued

functions,

(5.1). UNION ADDITIVITY PROPERTY. Given f: V - E(n) admissible,

with E = RY, where V = nglvi and each V; is open in E. Assume

that the fixed point set Ky of f]Vi is compact for each i and that

KiIW Kj = ¢ whenever i # j. Then

1(£) = 15, I(£}V,).

_ .,k
PROOF. Clearly Kf = Ui=lKi'

is a finite collection of compact subsets of V, we can find open

Since V is Hausdorff and {Kl, RPN Kk}

sets {Wl, A Wk} so that I(‘1 < Wi c Vi for each i and wi 1l Wj = ¢

k
i=1

functions and thus have a well defined index, for each i. Using

for 1 # j. Let W =u W.. Then f|W and f|W, are admissible

(4.6), we obtain I(f) = I(f|W)} and I(f|Vi] = I(flwi) for all i.
Using the direct sum representations induced by inclusions,

we get a commutative diagram
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q q sq.
Hy (89 —— H_(s9, $%-Kg)

gT k

W, W- K) =——" . .- K.
Hy ( £) j=1tq Wy, Wy - Ky)

. i - ) %
Hy (8™, (2-0) ™)) j=1 J

lun(E,E—O)

Hq(E, E - 0)

It follows that

I(£[W)o, = z§=11(f|wi)oq,

and hence

k

I(f) = i £V, []

A second type of additivity applies to the adjunction operator

of (1.9).

(5.2) ADJUNCTION ADDITIVITY PROPERTY. Given admissible maps

(n;)
£:V>E L, i=1, ..., k, withE=R%, then £, v...vE: v+ g™
. T N : K
is admissible, where n = My o+l oy, with Kfl v... ka Ui:lei’

and I(f1 V...V fk) = I(fl) oLt I(fk).

PROOF. Since adjunction is associative it is sufficient to verify
the property in case k = 2; the general case will follow by induc-

tion.

= K. U K. . Since f, and f

flvf2 £, £, 1 2

are admissible, Kf vf. 1s the union of two compact sets and is
1772

One proves easily that K
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= Wy (G- £) % (- £,)) a0, (V, Ke ve,)-
o1 n n
But by (3.21), u Pis * U “Pox = U oy Hence I(fl v fz)o =
ny . ) ny . .
(b TPy (- £) x (1 - £,))% + 1 "pye ((-£)) x (4 -fz))*loq(V,Kflvle
ny. na .
= TE - f)e v w TE - )l (V, Kflvfz)

[I(£)) + I(fz)]oq.
Hence I(f; v £,) = I(f)) + I(f,). []

(5.4) COROLLARY. Let f: V - E(n) be a constant map with constant

value [yq, ..., yn], V open in E = RY. Then f is admissible and

I(f) is the number of values of i for which y; € V.

PROOF. X, = {yl, vy yn} NV is finite and hence compact.

f
f = f1 V... V fn where fi: V » E is the (single-valued) function
with constant value Yis i=1, ..., n. By adjunction additivity
I(f) = 2=1 I(fi), and I(fi) = 1 or 0, depending on whether
y; € V or not. 0

§6. The Multiplicative Property. If E = RY and F = R®,

we may identify E x F with RY"®.  Then
((E -0) xF)u (Ex (F-0)) =ExF-0, and
(E, E-0) x (F, F-0)=(ExF, ExF - 0).

It follows from the Kinneth Theorem (see [1], VII 2.6) that exterior

homology product in dimension q + s
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x F, Ex F - 0)

93]

. _ _ x
Ho (B, E - 0) 8 Ho(F, F - 0) ——> 1, [

is an isomorphism. Hence
(6'1) Q ¥ 0 = +0

We may cheoose the orientation so that the plus sign prevails.
More gcnerally, it can be proved (see [1], VII 2.15) that if
K, XK' are compact subsets of sets V, V', respectively, where V

is open in E and V' is open in F, then
P p s

(6.2) o (V, K) x o (V', K') = (V x V', K x K'),

o
q4+s

and by choosing the orientations suitably the plus sign may be

used.

(6.3) MULTIPLICATIVE PROPERTY. Let {: V - £ and o W - g (m

be admissible with E = RY and F = R°. Then ={f x gl: V- W

(E x F}(nm) is admissible with Kr(fxg) = Kg Kg and
I(n(f =x g)) = I(f) - I(g).

PROOF. n(f x g)(x, y) has (x, y) as a cocrdinate if and only if
X is a coordinate of f(x) and y 1s a coordinate of g(y)}. Hence

= K K , which is compact, and so w(f x g) is admissible

Kegeng) 7 % " ¥y

By definition of index (4.4) of n(f x g}, and by (6.2), we

have

(V x W, Ko x K)

I(n(f x g)log,o = u (i - n(f x g))yo e

q+s
nm., .
=u (1 - m(f x g])*ﬂq(V, Keg) » o (W, Kg),

where i: V x W ¢ E x F.
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One easily verifies that, if i': V ¢ E and 1": W F,

D

then i = i' x i™ and (i - 7(f x g)) = n(i' - £) = (i g) as

indicated in the commutative diagram of space pairs:

(V, V- K % (W, W - K)

(i'-f)=(i"-g) \\‘\\i;jtfng

B, (5-0y Myx ™ 50y My —Ts ((mr) O, -0y ).

Hence I(w(f x g))oq+s =
WM (L0 - £) x (" - g))a0g (V, Kg) x o (W, Xo)
= WM LG - )0, (V, K] x [ - glao (W, K]
q -’ °f *Ust g

by naturality of the exterior homology product ({see 11, VII,

2.7). Now (3.27) applies to give I(wz(f X_g}0q+s =

DAY - a0V, Kb x (Y - g0 (¥, KDl

[I(£)o,] x [I{glo,] = I(f)-I(gloq X 0

I1(£f3-I{g)o the last equality by (6.1). Hence

q+s’

I(m(f x g)) = I(£)1(g)- [

§7. The Lefschetz Number. We show in this section that the

index of an admissible map f: V + E(n) which factors
v —h% P[n) > E(n), where P is a compact CW complex c V,

is equal to the Lefschetz number of the endomorphism

W(h|K)a: HEP; Q) + HEPY G Q) - H(p, Q)
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wherc Q is the field of rationals, and y here denotes the homo-
morphism on rational homology induced by the trace homomorphism
of integral homology.

We start with some algebraic preliminaries. All @-products

and Fom are over Q. Let M = {M and N = be graded

iieq Nitiez

Q-mocdules, then Hom{M, N) denctes the graded Q-module where

(7.1) Hom{M, N)n = 1. ).

167 HomQ{Mi, N.

1+Tl

The dual module M* of M is the graded Q-module where

(7.2) [M*)i = HomQ(M_i, Q), for i € Z.

A natural hcemomorphism (of degree 0) of graded Q-modules

@ = 8, M* 8 N - Hom(M, N) is defined by the rule

MN'

(7.3) e el = (-1 ™Plomn, if |¢] = -|n]

= 0 , if |} # -[m[.

It may be proven (see [1], p. 208, VII 6.3) that the image
of & consists of those homomorphisms f: M - N of finite rank,
and @ is a nomomorphism (since @ is a field}.

The evaluation homomorphism e: N*¥* @ N » Q is defined by

{(7.4) e{o & n)

n
)

¢{n) , if [o¢}

=0 , if f¢f # -In],
for ¢ ¢ N*, n ¢ N.

(7.5) For an endomorphism B: N + N of finite rank, the Lefschetz

number A(R) is defined to he ea'l(a) € Q.
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It can be shown that A(R) can be expressed in the more
familiar form of alternating sum of traces of endomorphisms,

(see [1], p. 208, VII, 6.4).

(7.6) THE LEFSCHETZ NUMBER PROPERTY. Given f: V » £, with

P cV for which { factors £ = i ™

- (n)

v hy ey i om)

with i: P ¢ E. Then f is admissible, ulh|PY,: H(P; Q) + L(P; Q)

has finite rank, and the Lefschetz number A(u(h|P),} = T(f]).

PROOF. The fixed point set K. is closed in V by (1.12) and con-
tained in P. Hence Kf is compact and f is admissible. Further-
more, by lemma 4.6, I(f) may be computed by replacing (in defini-
tion 4.4) the fixed-point set K. by the larger compact sct P.
Thus oq(V, K} I[f}oq via the compesition in the top line of
the diagram:

i f
(7.7 H (V,V-P;2) Gy Hq(E(n),(E—O) (n).zy _k, H (E,F-0;2)

| | |

iy (v,v-p3Q) EBasnm 80, (2-0) (M iq) 2> mg (2,-05Q)

The vertical arrows of (7.7) are induced by inclusion Z + Q, and
the diagram commutes. Let oq(V, K) b— o0 ¢ Hq{V, vV - P; Q) and
°q }—a 3 € Hq(E, E - 0; Q) via vertical arrows. Then

5 fe> I1(f)o by the composition of the bottom line of (7.7).
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For the remainder of the proof, H{ , ) will denote homology
with coefficients in the rationals Q. The Kimneth formula gives

a canonical isomorphism which we write as equality:
HO(X, A) x (Y, B)) = H(X, A) @ H(Y, B)

for all (X, A}, (Y, B}.
Let D: (v, V - P} x p(B) o M) oy o gy(ndy
and DY (V, V - P} x P > (E, E - 0)

be the differcnce maps defined in (2.3): that is,

D'(){, ,V} =X - ¥, D(){, [}?1) vy }"n]} = [X - }!1: saey X7 yn]i
for x € V, vy ¢ P. Then one can show easily that D, = D;(l 2 u)

in the diagram

nee@™ ;s - oy(Rdy v HE, B - 0)

(7.8) Tn* lDL

Hv, v-py o ey 180 o by v by g e

Now consider the following diagram whose top line sends o into

I1{f)o.

Hev, vo- Py By e oy ™)y A, e, E - 0) ~Q

1 1
(7.9) Ay D, e

. - .
HV, V-PYer (V) =280 nov vopyenee )y LBy ipy™ o mp

*
Here, (HP) is the dual graded module of HP (see 7.2}, e is the
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evaluation (see 7.4), Q may be identif{ied with H(E, E - 0) =
Ho(E, E - 0) via 1 « o, and for any x ¢ H(V, V - P)

D(X): HP » Q is defined by

D(x}(y) = Di(x ® y) if [x]| + |y| = q

=0 otherwise,

for y € HP. The left square of (7.9%) cemmutes by definition

of D, In the right square,
e(D & u)(x & y) = e(Dx 8 uy) = D(x) (uy)
= Dyelx 8 uy) = LDe(x 8 y),

with the last equality obtained by (7.8). Hence (7.9} is commuta-

tive,

(7.10) Let a = (D @ u)(id @ h,)A,5 ¢ (HP)* @ HP.

Let ©t: V x P - P x V be the map t(x, ¥y} = (¥, x}. Then on
homology, t,: HV @ HP » HP @ HV satisfies t,(x & y) =
CnxXly 6 x.

(7.11) Let b = A,0 € H(V, V - P} & HV.

Thus (D @ wh,}(b) = a.

The following diagram commutes:
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HP

|

‘(bG-)
v

H{V,V-P)8HVEHP B@Dx@iﬂa (Hp}*er(n]@Hp

Lid@t*

idet,

H(V,V-P)@HPSHY Eﬁiﬂgﬁié (HP}*BHP@HPKH} iggig@ﬁ%(ﬁP]*@HP@HP
| ] f
lD;@id edid se@id

i }

H(E,E-0)eny — 198N o wip Eojenp ™) 1480 4o poojerp

(7.12)

| "
; b

hy > pp(m) M > HP

i}
13

v
HY

The vertical lsomorphisms at the bottom of (7.12) are given
by ¢ ® z b~= cz for c ¢ H(E, E - 0) = Hq(E, E- 0 =q.

By tracing along the uppermost edges of diagram (7.12}, cne
verifies that the composition HP » HP from top to bottom right
in (7.12) is the homomorphism & (a).

However the composition of homomorphism along the left edge
of diagram (7.12) is precisely 1,: P -+ HV induced by inclusion
i: PcV (see [1], VII, 6.13, p. 210). By commutativity of
(7.12), @(a)=whyis. Hence, ph,i, has finite rank and

a =@ 1(uh*i*]. By commutativity of (7.9), and by definition

of index

p({i - £)40 = I(f)o = e(a)o.

Hence, I(£) = ed ‘(uh,i,) = A(u(h|P),). I
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§8. The Commutativity Property. In this section, we study

the fixed-point-index of composite maps as defined in (1.10).
Under certain circumstances, the index will be invariant when
the order of application of two symmetric product maps is reversed.

First we present some preliminaries.

o, X(n) be the identification map and

(8.1) Let p: X
Py’ X 5+ X be the projection on the first coordinate. If

G c X(n), then plp'l(G) = {y ¢ X | y is a coordinate of some
element in G}. If G is compact, then p‘l(G) is compact (see
[7], p. 160, Lemma 6.3) and hence plp-l(G) is compact. Thus

plp_1 becomes a correspondence from subsets of X(n) to subsets

of X which carries compact sets to compact sets.

(8.2) Let U be open in E = RrY, q > 0, and W open in F = R®,
s > 0. Let £': U ~» F(n) and g': W - E(m) be continuous where
n >0 and m > 0.
put X = £ 1w ang vy - g_l ym (We assume X and Y are
non-empty). Then f' and g' defined maps f: X - W(n) and
g: Y » U(m], respectively, by f(x) = £'(x), gly) = g'(y).

The compositions f'xg: Y - F(nm) and g'xf: X ~» E(nm)

are
defined as in (1.8). The relevant functions may be displayed

in the following diagram:
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Wt S P
2.2
m“n
dn 22
qm'n
mn
£ my Ay - < (mn)
X . W . w(mh] = , glmn
A
g'xf f'xg
b
mn
= d .
E(mn) i U(mn) m U{m, g y
dmzn2 dmzn2
Tl if]
¥
(m¥n?) 2 5%

where the d maps are diagonals as defined in {1.7).

4_4
We define two homotopies G, G': X x ¥ x I ~ (B x F)(m n)

by the rules:

a2
G (X) Y]' = TT(A(tgP*fx, (1 - t)dmngy)’ d]Tl ! f)(}
(8.4) t 2 2 m n
G;:(X) YJ = TT(dE n gy, A(tf‘*gy, (1 _ t)d];_:'lfx]}

where x € X, y € Y, 0 <t <1, and v is the prodact map of (1.10)

and A is the addition map of (2.4).

(8.5) COMMUTATIVITY THEOREM. Let f, g, G, and 5' be as described

in (8.2} and (8.4}. If UteIKG and UteIKG' are compact, then
t t

f'xg and g'xf are admissible and I{f'xg) = I(g's%).
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PROOF. Kg is closed in X x Y by (1.12) and is a subset of
0
the compact set U K. . Hence G, is admissible, and is given
tel Gt 0
by
mn mznz
GO(X, v) = 5({A(0Q, dm ey}, dn fx) by (8.4)
mzm2 mn mZn?
= 'rr(dmn dm gy, dy fx) by (2.5)
22 2.2
_ mon men
= w{dm £Y, dn fx}
Furthermore KGO = Kg,*f x Kf'*g' For, {(x, ¥} 1s a coordinate
2.2 2 2

of w(dE n gy, dﬂ n fx} if and only if x is a coordinate of gy and
v is a ceoordinate of fx. Hence, Kg'*f and Kf'*g are also compact,
and g'%f and f'#g are admissible.

We will now show that I(GO) = m3n31[g'*f]. The compactness

condition of the homotopy invariance theorem (4.7} is satisfied,

s0 we get I(GOJ = I(GlJ. Also,

2 2

(8.6) Gy(x, y) = m(A(g'+fx, 0), a0 ™ £x)
2.2 2 2

- n{dgnn grafx, di T f£x).

Now choose Yo € Y and define a homotopy

(mdna]
L: X xY x I + (E = F} by
(8.7) L_{(x, y) = w(dmznz twfx, A(td™H (1 - ©)d"rx))
' X Y mn & *P% 1 Vg n '

If (x, y) is a coordinate of Lt(x, v} for some t, then x ¢ Kg'*f
and ¥y 1s an element of the convex hull N of {yD} u plp-lf(Kg,*f),
(see {8.2)). N is the convex hull of a compact set and is there-

fore compact. Now Uter KL is a subset of the compact set
t
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Kg'*f x N, By (1.13), Ut(I KLt is compact. Using homotopy

invariance (4.7) again, I[LO} = I[Llj. From (8.6) and (8.7)

we get
m2n2 mn
Lo(x, ¥) = =(d__" g'#fx, A(0, dy fx))
2.2 2.2
= n(dﬁn“ g'#fx, dg fx)
= Gl{x, y).
L. (x, y) = (dmznzjt fx, A(d" 0))
l ¥ y Tr m 53 * x, 1 YO,
ﬂznz mznz
= Tr(dmn g'«fx, d1 yO).

2_2 2.2
Hence L1 = w[(dEnn g'xf) x (dT n yOJ), see (1.11). The constant

map ¥, Y » E has index I[yo) = 1 (see {5.4)). The diagonal
property (4.8) and multiplicative property (6.3) vield
22 22

m n® . mon
P gaf)e1qa] My

)

I(L;) = I(d o

mnl(g'f) mon’-1.

Hence

(8.8) I(Gy) = I(Gy) = I(Ly) = I(Ly) = nonoI (g #f).

Similarly, we show that I[Gb} = mBnZI[f'*g). We may use
the homotopy invariance (4.7), to prove that I{Gé) = I(Gi), and

cbserve from (8.4) that

\ _ m°n mn .
Go(x! y} = ‘.IT(d_m BY . A[O! dn fx}
m2n2 m2n2
= ﬂ(dm » 4y fx), and
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2 2
w(dl T gy, A(f'agy, 0))

Gy (x, ¥)

mint m2n2

= ﬁ(dmn gy, dmn flxpy).

4
Choose x4 € X. Define a homotopy L': X » Y x I + (E x F)lin n%

hy
2.2

Li(x, y) = m(A(td]"x,, (1 - ©)dgy), df " fregy).

One shows, in analogy with the corresponding proof for the homo-

topy L, that the compactness concition of (4.7) is satisfied for

L'. Also
Ll = Gi and
rzrz wzr
L = n((df ) XGJ dﬁn Fregy)y.
Hence
{8.9) I[Gé] = I(Lé] = I(Li]

m3n31(f'*g),

the last equality by the multiplicative and diagonal properties.

However, G0 = Gé. Therefore(8.8) and (8.9) combine to give the

conclusion I(f'*g) = I(g"*f). (]
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