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ABSTRACT: Let W be a holomorphic solution of the
equation

2 . = _'.21. It
DW/B20z = A(|zi%Y z|aMW/az], [zi<d

that is continuous on jzj<1. And let the first n-}
tangential derivatives of W be continuous with the
{n~1}st. satisfying a first order H@lder condition.
Then determine the mini-max error Byp and the extremal
solution for the best "polynomial" approximation of
degree m on |z|<1, which leads to an extension of the
classical theorem of Favard, Achieser and Krein in
analytic function theory.

INTRODUCTION

Analytic functions U, on the disk A:ijz|<1, viewed as harmonic
functions, are the "holomorphic" solutions of the equation

(1) aZU;azaE = 0, zeh.

A natuyral extension of an analytic function on a disk is given by a
solution of the elliptic equation

(2) L(W):= 3%uW/0207 - A{z]D)iz| aW/alzl = 0, zet

whose admissible coefficients A are real-valued analytic functions on

the closure of 4. Analytic solutions W of eqn, {2) arise when extending
univalent function theory [9]. Under suitable coordinate transformations
they reduce to conically symmetric gotentia1s 121 which are the radially
independent harmonmic functions in Ev; these also occur in problems in
rhealogy [8,10] and wave mechanics {2].

The classical theorem of Favand, Achieser and Kredn [1,41 as well
as the "analytic" version by Babenko [4,6] relate the smoothness of the
boundary values of a holomorphic function Y to the error in the best
polynomial approximation of U on the 34; hence, globally.-on & by the
maximum principal. This paper extends these classical results to holo-
morphic solutions W of egn. (2}. To accomplish this, we apply some
properties of holomorphic representations of W developed by Rusheweyh [9]
in the study of the univalent function theory of W.
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Na[H:Dn'1N[B& meets a first order Holder condition}r]Q:}{w:Dg W e C(aa)},
8 =1
The specified HGlder condition is
10" w(t,e0) - D0 TW(T,em) I <Kot - 0%
(0,27) L [0,2n)

for all 8', 8" in [0,27) and K > O,

The fundamental sets of best approximation are formed from the analytic
polynomial solutions of egn. (2) by

. m .
k
(10} T = {S:S(re1¢) = kjim cke1 ¢d|k](r), {c_m,..., cm}c:C},m = 0,1,250.. .

The first objective is to develop from these sets, a generalization of

the theorem of Favard, Achieser and Krein [4] which is itself a generali-
zation of the famous theorem of P. Jacksen [3] on polynomial approximation,
This we accomplish in

THEQREM 1. The mini-max error in the approximation of the class of
Dirichlet problems Dn over the set Tm of analytic polynomials of degree
m is given by

(1) B

H

Sup {inf{||W-S|] _ :SeT 1:WeD }
to(sa) " n

nm
o n
where Bom = Kn/(m+1) and
(12) =& 5 () 5y
n i3 J=0

Furthermore, the extremal function No(n}svn is of the form

(i) n an odd integer

Wo(n)(re1¢) = %, E

k
O [l:li—:l]sin[(m+1)k¢]dk(r)

and
(i1} n an even integer

‘ w k
g (M (ret?) = J+ 2 I L1 cosp(am1)ke/31d, (r).

If UO(") is any other extremal soluticn, then
Uo(n)(rei¢) = AWU(H)(rei(¢'¢0)} + ¢ where & = +1,

¢05[0,2w§ and ¢ is a constant.
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Proof: The map v, provides a natural isomorphism from the linear
space of hqumorpﬁic solutions U of the Dirichlet problems dn:

aZU/azaE =0, zeA
U=F, zedd
T
UeC(e1(a))NHU & Dy~ Uiy,
and the {extended) tinear space Dn.

first order Holder})'\7/ (U:DlUec(oa))
J=1

Therafore, Jet us define the set of polynomials
m k
is:s{z) = = CZ s (c_
k=-m

(13) oz

m,...,cm}C:C}, m=0,1,2,... -

The thecrem of Favard, Achieser and Krein established that (1) relative
to d :
n

(14) g

Supf{infi]|v-s|| _ tset }:Usd }
nm Caa) M n

where Bnm js evaluated above and that (2] the extremal solutions are:

(i) Uo(n)(],ﬂ) = F(“}(e) = Sgn[cos(m*+1)81, n-even
and

i) uM1,ey = #Ms)
Any other extremal solution of eqn. (14) has the form Uo(n)(},ﬁ) = lF(n)(8—60)+c
where A= +1, 005[0,2r) and ¢ is a constant,

Sgnisin(m+1)8], n-odd.

By the ordinary maximum principal fer holomerphic functions Uedn
it follows that

(5) e <inflluss|| . <infl|ugee’ Y-s(oe )]

n L7[0,21) set L"[0,2m)
p<1 with
(16) Vin sup inf 1{U(pe’®) - s(pe™®)i] =B

ptl dn = L [Q,27)

by the theorem of Favard, Achieser and Krein. Moreover, the Hopf maximunm
prineipal [2,9] shows that

(A7) Anf ] W-STl L < inf [[ W(pe'®) - S(ee' )|
SeT L [0,2m) SeT L [0,2m)
m m
To compare the Ya]ues of TAU and W on 34, note first the 1limit
rAs(pe1¢) - S(e1¢} as ptl1 is uniform in ¢[0,2n} so that by the Hopf

maximum principal
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(18) TAS(Z) = 5{z}, Sef s zeci{a).

Now to show that the limit TAU(DE1¢) - w(e1¢) as o4l is uniform in &c[0,2n),
we observe as in [9] that the {Poisson) kernel of tp is positive on A,

Then by an application of the Hopf maximum principal and Korovkin's [3,7,9]
famous theorem on positive operators, when the holomorphic function Usdn
extends continuously to c1{a), the transform W = TAU extends continuous to
cl{r). Therefore, the identity

(19) Sup inf||W-S|| = sup inf||U-s||
d L

L (34} {a4a)

n Tm
follows as we have just shown that

(20) | [w-s{] ., = ||U-s|| o s ¥-S = 1,(U-5),
L (34) L {3a)

In other words the isomorphism tg:dy + Dy is an isometry, tco. The
form of the extremal function No(n) is found by expanding the tg-associated

extremal functions F(“)(e} with the coefficients identified according to
eqn. (5) completing the proof.

We summarize this theorem as foliows: the holomorphic solutions of
eqn, (9), which are continuous on the ¢1{A) and have continuous {n-1)st
tangential derivatives along with the n-th tangential derivative bounded
by 1, can be approximated by an error of no less than Bnm'

The "analytic" version is the generalization of Babenko's theorem [4}
which replaces the analytic polynomial approximation by the holomorphic
polynomial set

- lpeoirel®) = 1 c ik
{21 Vm = {p:p{re ™) kEO c e dk(r), {cU,....cm}c;C}.
m= 0,1,... . To study this properly, let H, designate the holomorphic
solutions of D,, whose n-th tangential derivative is bounded in modulus by
one on the 34, If we apply reasoning from the first theorem to Babenko's
theorem, we immediately progress to

THEOREM 2. The mini-max error in the approximation of the class of
Dirichlet problems H, over the set Um of holomorohic polynomials of
degree m is given by

(22) Sup{inf{|[W-P}| _ iPeV YiWetl 3 = T(m-n)/T(m) m>n.
Ffaay T
The holomorphic extremal solutions have the form
n-1
UM (@) = () + I (2]

where ¢ i$ a constant.
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CONCLUDING REMARKS

A variety of elliptic partial differential equations that are
found in applications [see 5,8] have solutions that may be represented
as {usually integral) transforms of associated analytic or harmonic
functions of a single complex-variable. Moreover, on certain regions
with Liapunov surfaces for boundaries (in our problem jz| = 1) the
associate and the solution are identical. Hence, approximation of the
associate leads by a maximum principal to global approximation of the
soluttory. This suggests other extensions of the theorem of Favard,
Achieser and Krein.
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