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ABSTRACT

Illustrating a general appreach that may be used rto obtain the
electrostatic field between conducting objects, a solution of Laplace's
equation is presented for the case of a conducting, right circular
cylinder between parallel, charged conducting plates. The analytical
expressions derived from this boundary value problem for the electric
potential function and the corresponding electric field intemsity are
in the form of coupled, nonlinear equations. These equations are solved
numerically by iteration for a designated parameter set, specifying one

possible geomerry and position of the cylinder.
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INTRODUCTION

Objects susceptible to electromagnetic interference are often tested
for the effects of such interference by guiding a pulse of electromagnetic
energy over the objects and experimentally determining their response to
this field. 1In such cases, it is desirable to know the electric field wvalues
at various peints over the object for the principal or TEM {transverse electro-
magnetic) mode of propagation. These field values may be estimated from the
known field distribution abeut the transmission line when no test object s
present [lj. However, more accurate values are often required, and it is the
purpose of this paper to provide analytical expressions for the field distri-
bution about a eylindrical test object and to discuss a numerical approach
to solving thege expressions. This example also illustrates a general approach
that may be applied to similar boundary value problems.

For the TEM propagation mode, the field distribution of the propagating
pulse can be obtained from electrostatic theory. Thus the problem is one of
solving a sultable form of Laplace's equation with appropriate boundary
conditions. Beoundary conditions for this problem are determined from the
following physical arrangement. A conducting, right circular cylinder is
placed between the conducting surfaces of a transmissionm line with the cylindri-
cal axis perpendicular to the conducting surfaces, as diagrammed in Figure 1.
The direction of travel of the electromagnetic field is perpendicular to the
diagram, znd the vertical positioning of the cylinder is arbitrary. Since
the cylinder axis is to be located symmetrically with respect to the width
w of the transmission line and the radius a is assumed to be small relative to w,

field fringing effects can be ignored in this problem. Therefore, the conducting
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surfaces bounding the transmission line will be treated as infinite, parallel,
conducting plates. Equal and copposite charges will be carried by the plates,
while the cylinder is assumed uncharged. These requirements fix the boundary
conditions on the electric potential function such that the potential must
vanish over the surface of the cylinder, take on equal but oppositely signed
values over the two plates, and approzch a uniform field potential in the z-
direction far from the axis of the cylinder.

A cylindrical coordinate formulation of Laplace’s equation is obviously
most convenient, since the problem geometry displays cylindrical symmetry.
The complicated boundary conditiens, however, make it difficult to directly
obtain a single equation for the potential function that is wvalid throughout
the entire region between the plates. Consequently, Laplace's equation is
solved separately in each of the three overlapping aveas. This results in a
set of coupled, nonlinear equations for the potential function and electric
field intensity which reguire a numerical, iterative technique for solution.

The derivation of the coupled field equations is described in the follow-
ing section. A numerical evaluation of these equations is then discussed

for specific cylinder dimensions and vertical positioning in the field.
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2. SULUTION OF LAPLACE'S EQUATION

Distribution of the static electric field surrounding a conducting, right
clrcular cylinder between infinite, charged, parallel, conducting plates

may be obtained from solutions of Laplace’s equation,

Vie = 0, (13}

for the physical cenfiguration illustrated in Figure 2. The geometry of the
problem clearly implics a solution in terms of cylindrical coordinares.
Furthermore, since the plates are taken te be of infinite extent, the potential
® is independent of the angular cylindrical ceordinate. Thus, (1) may be

written in terms of the radial and vertical cylindrical ceordinates, p and z, as

A unique solution of (2} may be obtained by employing the method of separation
of variables and imposing boundary conditions on the potential function con-
sistent with the charge requirements on the conducting surfaces. This separates

{2) intc the following set of equations,

${p,z) = R{p)Z(z), (3)
a’R | 1dr . .2
SR, 288, R =0, (4}
2ol P dp

2
d ; _ K’z =0, (5)
dz

where the parameter k is determined from the boundary requirements on ¢ [Z].
For this problem, the following boundary conditions are imposed on the

potential function: The electric potential must vanish over the surface of

the cylinder, maintain the constant value %V over the top plate, maintain

the constant value -%V over the bottom plate, and approach a uniferm field
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potential in the z-direction as p approaches infinite. A single, analwvtical
expression sztisfyving all boundary condicioms could not he ohtained {rom the
¢ifferential equaticns (4} and (5) because of the insuflicient numher of
houndarv parameters. llence, a solution for these cquationg within cach of
three limited regions between the plates was obtained, and the solutions

within adjoining repions were matched st a common boundarv. Tn this way, an
expression for sach potential function is derarmined in tarms of the other
potential Dunctions, and a solution for sach may then be obtained by iteration.
The three regions delincated in Figure 3 were found convenlient for satisfyving
the required boundary conditioms. Because of symmetry about the cylinder axis,

the soluticn regions are indicated for ene half of the {~,z)-plane only.

a

Solutions within the three areas are labeled @;, i . Potential function
3 <

5
1
. L - ;

v was chosen to match the boundary conditions necessary far the region

a0 a for O£ 2 2 4; $I is valid within the region 0 £ = 5 zi for o 2 0; while

<z < ¢ for O

%5 is defined for the region =z:o

5 5 > 0, The solutien ia averlaps the

potential! functions Qf and ?a in areas near the botbtom and top plates, respec-—
tively., The total field is thus given by the solution tfor $a beyond £ = 0 and
by ¢T and ¢§ for 0 £ ¢ £ a near the bottom and top plates, respectively.

Since the solutien ¢6 must approach a uniform potential distributien at

large 0, one expects

$. + 400 + Cy, as p + =, (6}
a 1 i

Corresponding boundary conditions on the two plates require that

o - Ci + CE = by (7a)
d ¢+ C. =4y (7t)
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Thus, C. = V/d and C~ = =%V, so Lhat
1 2

Viz/d - k), (8)

Ir

Tim 9. {0,z
e O

which represeats Lthe k = 0 solution of (5). Selutions {or nonrzero values of
k must be added to (8) and rwst be chosen to satisfy the rewaining boundary

conditions on 9.3 that is,
o

Gala,z) = 0, for z. < 2 € 2., (9a)
Q 1 2

$6(p,0) = -Lv, for p » a, (9b)

¢a(ﬁ,d) =&V, for p > a. {9c)

These requirements impose the following conditiens on the functions Z{z)

and R{p) for nonzero k:
2(0) = 2(d) = 0, (10a)
R{u) + 0, as p » <, {10b)

This suggests that scolutieons of (5) are of the ferm sin(kz), while solutions

of (4) are modified Bessel functions of the second kind Ka(kp), with

k = k., = nrfd, fornm=1, 2, 3, « - - . {11}

-~
n

A complete solution for the region [ » a can thus he expressed as

e

do(0y7) = —V(d - 22)/(2d) + nzlAﬁsiu(kﬁz) Ky (k0 s (12
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which i5 a2 Bessel-Fourier series expansion [er the portencial ¢6. By matching
this sclution with those for the remaining two reglons acrposs the boundary

p = a, the constants Aﬁ may be evaluated as functions of n and the problem
parameters ¥, a, d, z?, ZE. The [irst step in accomplishing this evaluation
takes advantage of th; nrthogunality of the trigonemetric functions and the
uniform convergence of the Fourier series by multiplying both sides of (12}

by Sin(kﬁz) and integrating from z = 0 to z = d {at ¢ = a), with the result

that

d [ .
I [@a(a,z) + vk - z!d)}sin(kaz)dz = %dAﬁKo(kﬁa)- (13}

L8]

But, since @O overlaps with @l and ¢2, and since the rylinder is unchanged,

we have

&.(a,z) for 0 < 2 < z.
1 1
b.{a,z) = 0 for z.. < z < 7. (14}
G | 2
d.{a,z) for z~ < = < d,
2 2
50 that we may write
LdR. (k.a)Aa = B. + Co, {13)
o n n n n
with
Z.
By =/ L [0:6a.m) + ¥ - 2id)]sinGan)d (16)
Q
d
+ f [Qﬁ(a,z) + Vil - zfd)]sin(RHZ)dz (16}
zn

2
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ZT(Z) sinh(kz), (20a)

—~

[

Ry
1

expikz} - exp[k(Ed - z}}. (20b)

Corresponding sclutions of (4) that satisfy (19h) are Bessel functions of

the firse kind of order zeoro:

Ralp) = ¥ (o) = J.(pk). (21)
1 Z 0

Solutlons of Laplace's equation for Qi and ©§ must then be expressed in

terms of integrals of the functions (20} and (21}, as

¢i(p,z) = =Vl - z/dy + S Fi(k')sinh(k'z)JS(k o)dk”’, 22y
o
8,(0,7) = V(5 - /) + [ F G fexpern) - exp[k'(2d - 23]}
o
x Ja(k'p)dk'. (23

Evaluaticen of F.(k) and Fﬁ(k) is accomplished by applying the remaining
boundary conditions and utilizing the orthogonality of the Bessel functioms,
where the integral of pJS(kD)Js(k'O) with respect to p is nonzero and equal
te L/k only when k' = k. Hence, both sides of (23) may be multiplied by

OJS(kQ) and integrated from p = 0 to ¢ = = {at z = Zﬁ)’ with the result that

oo

ke [daip,2.) + Vs - 2./d)|d
A o) [#y0,2,) + V05 - 2/ )] de

Fz(k){exp(kzﬁ)— expl k(2d —ziﬂ k. (24)

Boundary conditions on ¢§ allow the integral on the lefr of (24) to be written

a8
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Food (k) Lo (2.0 + V0 - 2./3)] dp (25)
L8 5775 3

a
= V4 - z./d) S pli(ke)do
3 S

+ J (.:Ja(kc-) [d‘-a {r‘-,z-o.) + Vs - zae’d)_]dp-
. © 2 !

The [irst integral on the tight of (25} may be expressed as a DBessell
function of erder one,
a

I pJS(kp}dp = aj.(ka)/k, (26}
1
o

while the second integral on the right of (25) may be rewritten using {12) as

o0
£opdked [6.(o,2.) + Vs - 2./d) | de 27
o 0 s} 2 2
= T a.sin(k.z,) [ pE.{kap)J-(k.p)dp.
n=1 n n 7 a oI ¢ n

An evaluation of the intepgral appearing in (27) may be obtained from the

defining equations for Ro and JO L3,P.358_‘, which are

2

2 d _d L 22
) Ka(kﬁp) * 03, ks(kﬁo) ka'po =0 (28)
dp
and
2 4 d 22
o=y JS(RQ) + 2 ap Ja(kﬁ) + k'pt o= 0. (29}
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If (28) is multipled by Ja{kp)fp, (29) is multiplied by Ka(kﬁp)fp, and
the resulting equations are subtracted and integrated over the interval
a < p < », we have

o

? 2, .
(Il + ka } .'a pJa(kp)Ka(kﬁo)dp (30}
a d “
= =Co g lpk) g2 I5(ke) = Tp(ko) 30 Ry Cok ) .
However,
d N L
do Ja(ko) kJi(kp), (3la)
&Kk p) = —kaKa(kap) (31b)
de "6 n ag a?
s0 that
L r)
fa 005 (k)X (k 0) 0 = [kﬁJa(ka)Ki(kﬁa)—kKa(kﬁa)Ji(ka)_]
a0 + kD, (32)
and the final expression for Fi(k) is
Fi(k) = {va(d - ZZE)JA(ka)/(de) (33)
1
o
+ E A651n(kﬁz§) [kﬁJa(ka)Ki(kﬁa)
n=1

- kKA(kAa)JA(ka)]a/(kz + kﬁz)}kfzﬂ(zA),
on 1 n 22

where Za(zﬁ} is defined in (20b}.
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The evaluation of Fl(k) proceeds similarly, with the result that

F.o(k) = {va(d ~ 2z.)0.(kad/ (2dK) +
1 T 1

Hor1 g

AAsin(kAzA)(kAJn(ka)KA(ka)
;B 7'l nTe 1

Il
1. ...2 2
- kKA(kAa}JA(ka)] a/ (k" + k" lk/sinh{kza). (34)
Q 1 1 b I 1

Evaluatien of the distribution functions @8. éi, O; may now be obtained
through a numerical evaluation of the coupled equations {15), {33} and {(34).
Analytical expressions for the electric ficld Intensity may be obtained
in an area of interest by taking the appropriatc derivative of one of the
three potential functions. As an illustration, the electric field vector

is perpendicular tu any conducting surface; therefore, along the side of

the cylinder, the electric field intensity is

8¢6
D E 35
D 30 ) (35}
f)
= ¥ Ak.sin(k.z)X.(l.a),
~, non n 11
n=1
Similarly, over the top of the cylinder, we have
3,
E=__2 (363
dz
z =z,
ket - -
= V/d - J RF. 0T (k) {exp(kza) + exp [R(Ed < z.) | tdk.
o 2 o 2 . 2"

Field values may be obtained for electrie field expressions such as {35)

or (36) using the same numerical techniques te be discussed in the next

section.
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3. NUMERICAL EVALUATION
In order to produce coupled equations in terws of the potential functions

directly, relations {33) and (34} are substituted into (23) and (22},

respectively, yiclding

¢ (e,z) = Vals - 7.1/:1) ! Ja(k;:).l,\(ka)?ﬂ\(kz)f[Z.I\(kzj)-]dk (373
i A 1 ] .
L] [<5]
+ nooat.sio(k.z.) (k.. (k.a) f J.(kp)}J.(ka)
_ n noq ny o o
n=1 i
CRE e/ [+ kP (ke 0] dk
X ..L.T Zri ‘ﬁ .i ‘li\- s
- k) S Lk T ) K2 G2 [ (7 + Dz (ke k)
o n @ 1 ] n 1 1
- ¥y - 2/4),
o _ _
Bulpaa) = Vals - 24/} [ L (hodT . (ka) 2y (k2) / [Za(kz,) | dk (38)
2 2 e © 1 2 2 2

+ ¥oats.sin(k.z Tk Ko (koa) f 0 3. (kp) I {ka)
-OTPR i3 m A a &
n=1 o
, ) 2 2., ] .
X kzﬁ(kz);’[(k. + kg )iﬁ(kzﬁ)]dl\

i

2 2,02,
Ko leqn) S I (o), (ko) Zﬁ(xz)f[(k R )za(kzﬁ)]dk}

- V{4 —z/d),
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where the functions ZI and Za are as defined in equatiens (20). With all
potential functicms now expressed in terms of Aﬁ’ a straightforward pro-
cedure is to assume functional forms for @I and ¢§ along the surface
p = a, ohtain Aﬁ from (15) and evaluate ¢i and @5 aleng p = a from {37)
and (38). These calculated values may them be ceompatred to the starting
functions at selected points. If agreement is not close encugh, the
calculated values may then be used to recalculate Aﬁ, @i, and ®.. This
process can be repeated until the required convergence is reached.

Several starting approximations were tried for Qi and @i aleng p = a.
It was found that the particular functional form for the initial values of
the potentials had little effect on convergence. Filgure 4 is a plet of
the calculated electric Field potential after four iterations. This rum
used the following lineay, initial approximations to @I and ¢§ along the

surface o = a,

$.{a,z) = V(2 ~ z.)/z., (39a)
1 1 1

fba(a,z) = 5V(z - zﬁ)f(d " 2. {39b)

All series were calculated with convergence criteria of §.001 or 500 terms.
Integrals over the Bessel functions were evaluated using Simpson's rule
and dividing the interval between zeros of the integrand into ten equal
subdivisions. <{alculations were carried through 500 oscillations of the

integrand. The formulas used for calculating these zernos are[ﬁ].
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X = h 4+ 1/(8b), n = 1,23, -, (40}
b= m{n -k

for Jo(x), and

xg 7 b = 3/(8B), m=1,2,3,- ¢ -, (41)

for J.(x).
1

Polynomial approximations [3,369—3?0, 3?8—379J were used to evaluate
-7
all Bessel functions to an accuracy of about 10 . In addition, the
following approximations were used in the calculations to evaluate ratios

of exponential functions:

e = expl[-k(z - zﬁ)] {1 - exp [ -2k(a - zﬂ } (42}
ﬁ 2

for 2d4(d - 22) = 100,

i1

expl-kiz - zg)] for 2k{d - z)y > 100,

12

0 for kiz - zq) > 100.
“

The parameter set used for the calculations in Figure 4 are V = 1,

a=0.02, d =1, 2. = 0.06, z; = 0.36.
1
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4. CONCLUSION

Evaluation of the electric ficld surrounding a conducting cylinder between
charged plates may be accomplished dircetly from Laplace's equation. This
evaluation is walld for either a static field or a transmission line propa-
gating the TEM mede. However, the boundary conditioms [er this problem
requires an indirect approach. A peneral approach that may be taken in
this class of problems is to solve Laplace's equation by separation of
variables In opverlapping regions of the problem space. All parameters may
then be resolved by applying boundary conditions and matching solutioms
along common surfaces.

The result for this particular application is a set of threc coupled,
nonlinear equaticns for the electric potential functien, which are solved
numerically by iteration. Figure 4 maps the calculated potential for cne
geometry. Doundary ceonditions have becn satisfied exactly over all corduct-—
ing surfaces, and the field approaches a uniform potential at approximately
twenty radii frem the cylinder axis. This illustration depicts the numerical
solution after four iteratioms, using linear starting approximations fer
the potential aleng p = a.

The numerical solution to the coupled equations derived from Laplace's
equation, for this example, were carried through using various starting
functional forms for the potential (polynomial and exponential) and a
varying number of iterations. In all cases, counvergence was observed to
be fairly close even after just one iteration. Eoundary conditions, after

one iteration, were exactly satisfied over all conducting surfaces. The
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field was found to be nearly uniform at approximately thirty radii from

the cylinder axis. Subsequent iteratrions produced fairly rapid convergence.
The major centributien to error in this example is in the evaluation of the
integrals appearing in the series solution for the potential. These
infinite integrals couverge slowly in certain repions due to the presence
of Bessel functions of the first kind.

This paper has presented one gpecific solution of a general technigue
that may be used to obtain the electrostatic field surrounding interacting
conductors, Computer solutions provided accurate field values for this
specific case even after only one iteration, No attempt has been made te
compare this approach to other techniques that may be used to approximate

solutions of Laplace's equatiom.
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